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Chapter 1

Introduction

1.1 Fetal magnetocardiograph as a diagnostic tool

1.1.1 The origin of cardiograms

Activation of the cardiac muscle is associated with the transport of sodium (Na+),
potassium (K+), and calcium (Ca++) ions through the membrane of the cardiac cell.
This ion transport gives rise to the strongest electrophysiological signals in the human
body: the cardiograms (Malmivuo and Plonsey, 1995; Marieb and Hoehn, 2007).

When a cardiac cell is at rest, the intracellular and extracellular concentrations
of the ions establish a potential difference of -90mV across the cell membrane (fig-
ure 1.1c). Biasing the potential difference towards more positive values increases the
permeability of the membrane to sodium ions (figure 1.1d). Following the concentra-
tion gradients, the sodium ions diffuse into the intracellular space. The fast sodium
influx dominates the decreasing potassium efflux. The net flux swiftly changes the po-
tential difference across the membrane from -90mV to +30mV. This process is called
depolarization. After the fast sodium channels responsible for the depolarization are
closed, the permeability of the membrane to calcium ions increases allowing the cal-
cium ions to diffuse into the cell balancing the potassium efflux. During this period,
the potential difference decreases slowly forming the plateau phase. Decrease of the
sodium influx and increase of the potassium efflux follows a plateau phase restoring
the potential difference across the membrane to -90mV. This restoration activity is
known as repolarization.

The pacemaker cells that are located in the SA-node of the heart exhibit au-
tonomous depolarization (figure 1.1a). These cells being depolarized stimulate the
cells located in the immediate proximity causing them to depolarize as well. These
newly depolarized cells activate their neighboring cells and so forth. In effect, the
depolarization spreads over the cardiac muscle forming a front consisting of depolar-
izing cells, a so called depolarization front. The transmembrane voltage behind the
depolarization front is positive while the transmembrane voltage ahead of the depo-
larization front is negative. Thus, a double layer source is formed which can be also
treated as a layer of current dipoles oriented parallel to the direction of propagation
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Figure 1.1. a) Cross section of the heart. Adapted from (Malmivuo and Plonsey, 1995).
Pluses and minuses represent depolarization front. The arrow between the atria represents
the equivalent current dipole of the depolarization front. b) A stylized plot of a segment of
a cardiogram that corresponds to one heart beat. c) Cardiac action potential d) Relative
membrane permeability.

of the depolarization front, or even by a single equivalent current dipole with a chang-
ing magnitude and direction (Malmivuo and Plonsey, 1995). This equivalent current
dipole produces changes in the electric and magnetic fields that can be recorded. The
records of the changes in the electric potential difference and in the magnetic field
are called electrocardiograms (ECGs) and magnetocardiograms (MCGs), respectively.
An example of such a record is shown in figure 1.1b.

Activation of a healthy heart is initiated by the depolarization of the pacemaker
cells located in the SA-node. First, the depolarization front spreads over the atrial
walls causing the atrial chambers to contract. The propagation of the depolarization
front over the atria manifests itself by the P-wave in the cardiogram (see figure 1.1b).
A time delay follows the arrival of the depolarization front at the AV-node allowing
the blood to fill the ventricles. From the AV-node, depolarization advances to the
interventricular septum via the bundle branches. The depolarization of the ventri-
cles starts from the interventricular septum. The depolarization and repolarization
of the ventricles correspond to the QRS-complex and T-wave, respectively. The wave
that corresponds to the repolarization of the atrium overlaps with the QRS-complex.
Repolarization of cardiac cells is less synchronized in time and space than depolariza-
tion. As a consequence, the T-wave in the cardiogram lasts longer and has a lower
magnitude when compared to the QRS-complex.
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Figure 1.2. a) Example of a raw fMCG as recorded above maternal abdomen. b) The same
fMCG with the maternal MCG removed. c) Averaged fMCG.

The same processes occur in the fetal heart, though several differences exist be-
tween the fetal and adult cardiograms. The fetal heart beats with a rate of approxi-
mately 150bpm which is twice as high as the beat rate of the adult human heart. As
the fetal heart is growing during gestation, the heart rate decreases and the duration
of the intracardiac intervals positively correlates with the age of gestation. The differ-
ence most relevant to the measurements of fetal magnetocardiograms is that the fetal
heart produces relatively weak signals. For instance, a MCG of an adult can have a
peak-to-peak magnitude as high as 100pT whereas for fetuses it hardly exceeds 10pT .
The reason for such a small magnitude of the fMCGs is twofold. Firstly, the vol-
ume of the fetal heart is smaller than that of the adult. Secondly, the source current
dipole which represents the depolarization front gives rise to volume currents in the
surrounding conducting tissues. The magnetic fields induced by the volume currents
oppose the magnetic fields induced by the primary source decreasing the magnitude
of the recorded signal. In adults, the volume currents are spread all over the chest
providing that the distance between the sensor and the primary source is smaller than
the dimensions of the volume conductor. In the maternal abdomen, however, the cur-
rents induced by the fetal heart are mostly restricted to the fetus (Stinstra, 2001). For
this reason, the distance between the sensor and the primary source is comparable or
even larger than the dimensions of the volume conductor (i.e. fetus). Consequently,
the volume currents in fetus compensate the magnetic field of the primary source
more effectively.
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1.1.2 Fetal magnetocardiography

In fetal magnetocardiography, the magnetic field produced by the fetal heart is recorded
in the vicinity of the maternal abdomen. An example of such a record is shown in
figure 1.2a. The record consists of the MCGs of the fetus and that of the mother. The
maternal signal is removed from the record by employing signal processing techniques
based on averaging of the maternal MCG (see (Stinstra, 2001) for example). Usually,
the maternal ECG is recorded simultaneously with the fMCG to provide a robust
trigger for the averaging of the maternal MCG. An example of a fMCG with the
maternal MCG removed is shown in figure 1.2b. Customary, the fetal heart signal is
averaged in order to increase the signal-to noise ratio (see figure 1.2c). The diagnosis
is made by analyzing both the raw and the averaged signals.

The fetal magnetocardiography can be used for assessment of intracardiac intervals
(van Leeuwen et al., 2004), classification of arrhythmia (Stinstra, 2001; Menendez
et al., 2001; Kandori et al., 2003), and diagnosis of long-QT syndrome (Hosono et al.,
2002). There are two main competitive techniques that are routinely used for the
assessment of the fetal heart: fetal electrocardiography and fetal echocardiography
(i.e. ultrasound).

The fECGs are measured via electrodes attached to the maternal abdomen. The
signal-to-noise ratio of the fECGs is generally poor and hardly exceeds ten (Oosten-
dorp and van Oosterom, 1991). Moreover, it is difficult to detect the P- and T- waves
in fECGs even after averaging (Bergveld et al., 1986; Brambati and Pardi, 1980). In
(Peters et al., 1998) it is discussed that the absences of the T-wave in the fECGs is
probably due to capacitive effects in the volume conductor and that the influence of
this capacitive effect is much smaller in the fMCGs.

The echocardiography monitors the mechanical contraction of the fetal heart and
does not provide information on the electrophysiological processes within the heart.
However, the details of the electrophysiological processes are important for an accurate
classification of arrhythmia (Stinstra, 2001). This importance is further illustrated
by a study case described in (Peters et al., 2005). In this study case the diagnosis
of atrial flatter was made by means of ultrasound. The fMCG record of the same
patient is shown in figure 1.3b. A fMCG record typical for the atrial flutter is shown
in figure 1.3a. The fMCG record that corresponds to the atrial flutter (figure 1.3a)
shows the specific saw-tooth pattern, whereas it is absent in the fMCG shown in
figure 1.3b. This observation led to a diagnosis of persistent junctional reciprocating
tachycardia (PJRT). On the other hand, it is difficult to discriminate between the
atrial flutter and PJRT by employing ultrasound (Peters et al., 2005).

Usefulness of fetal magnetocardiography can be summarized, by stating its two
main advantages that distinguish it from the competitive techniques:

• Unlike ultrasound, fMCG provides information on the electrophysiological pro-
cesses in the fetal heart which is invaluable for an accurate diagnosis.

• Unlike fECG, the fMCG can provides information on P- and T- waves. The
signal-to-noise ratio of fMCGs is typically better than that of the fECGs.

14 Chapter 1
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Figure 1.3. Examples of fMCGs that correspond to two different kinds of arrhythmia: a)
atrial flutter, b) persistent junctional reciprocating tachycardia (PJRT).

1.2 Instrumentation for fetal magnetocardiography

1.2.1 Fetal magnetocardiograph: examples

The peak amplitude of the fMCGs approximately equals 1pT on average. The spec-
tral content of the signal is typically between 1 and 100Hz. For a successful recording
of fMCGs a resolution better than 10fT/

√
Hz is required (ter Brake et al., 2002).

Magnetometers based on Superconducting QUantum Interference Devices (SQUIDs)
are used in fetal magnetocardiography due to their extreme sensitivity to magnetic
flux. To reach the superconducting state, the SQUIDs are cooled to cryogenic tem-
peratures.

In figure 1.4a a 151-channel SQUID Array for Reproductive Assessment (SARA)
designed for recording fMCGs and fetal magnetoencephalograms (fMEGs) is shown
(Robinson et al., 2001). The relatively large amount of measuring channels allows full
coverage of the maternal abdomen. The system provides a sensitivity of 4fT/

√
Hz.

The SQUID-based gradiometers are located inside a horizontally operated dewar filled
with liquid helium (4K). The dewar needs to be refilled with liquid helium once a
week. The refilling requires regular supply of liquid helium and a skilled technician.
Cryocoolers are used in the instrumentation for fetal magnetocardiography as an
alternative to the dewars with liquid coolant. An example of a cryocooler-cooled high-
Tc fetal magnetocardiograph operating below 80K is shown in figure 1.4b (Rijpma,
2002). This system is equipped with a single measuring channel which needs to be
repositioned above the maternal abdomen in search of the location where a fMCG
with a sufficient signal-to-noise ratio can be recorded.

Most research activities in the design of a fetal magnetocardiograph are related
to the following three topics: SQUID design, instrumentation for cooling, and instru-
mentation for environmental magnetic interference suppression.
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b)

Figure 1.4. a) SQUID Array for Reproductive Assessment (SARA) by CTF systems inc.
This is an 151-channel system designed for recording fMCGs and fMEGs. It is cooled by a
liquid helium bath. b) A single channel cryocooler-cooled high-Tc fetal magnetocardiograph.
Both figures adapted from (Rijpma et al., 2002).

1.2.2 SQUID magnetometers

Up to date, several types of SQUID magnetometers suitable for application in Biomag-
nitism were developed. A few examples are: dc-SQUIDs (Cantor, 1996), rf-SQUIDs
(Zeng et al., 1998), DROSs (Adelerhof et al., 1994), and double-stage SQUIDs (Podt
et al., 1999). However, the low-Tc dc-SQUIDs are the only commercially available
SQUIDs that can provide a sensitivity adequate for fetal magnetocardiography.

The dc-SQUID consists of a loop of superconducting material (Nb) interrupted
by two Josephson junctions (see figure 1.5a). The relation between the current flow-
ing through a Josephson junction and the voltage established across the junction is
schematically depicted in figure 1.5b. The Josephson junction is resistless if the cur-
rent flowing through it does not exceed the critical current. If the critical current
is exceeded, a voltage is built up across the junction. Apart from the biasing cur-
rent, the voltage across the junction depends on the magnetic flux enclosed by the
superconducting loop of the SQUID. The flux-voltage dependence of the junction for
a fixed biasing current is shown in figure 1.5c. The dc-SQUID can be regarded as a
magnetic-flux-to-voltage transducer with a Φ0-periodic transfer. The superconducting
loop of the SQUID has relatively small area. In order to improve the sensitivity of the
dc-SQUID to the magnetic field an external sensing coil made of the superconducting
material is inductively coupled to the SQUID via an input coil that is deposited on
top of the superconducting loop of the SQUID.

Typically, the dc-SQUID is operated in a flux locked loop (FLL) in order to lin-
earize the transfer (figure 1.5d). The output voltage of the dc-SQUID is amplified,
filtered, converted into magnetic flux by means of the feedback coil, and fed into the
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Figure 1.5. a) dc-SQUID. b) Voltage-current characteristic of a Josephson junction. c)
Dependence of the voltage across a Josephson junction on the flux enclosed by the super-
conducting loop of the SQUID. d) Scheme of the flux-locked-loop.

superconducting loop of the SQUID. As a consequence, the changes of the net mag-
netic flux in the SQUID are close to zero and are restricted to a small segment of the
flux-to-voltage transfer which is relatively linear. In order to avoid low-frequency 1/f
noise of the first-stage amplifier the flux in the SQUID is modulated.

The output voltage noise on the FLL expressed as an equivalent magnetic flux
enclosed by the superconducting loop of the SQUID reads

S
1/2
Φ =

√
SΦ,SQUID +

1

V 2
Φ

SV,AMPL (1.1)

where VΦ is the flux-to-voltage transfer of the SQUID in the working point; SΦ,SQUID

and SV,AMPL are the flux noise of the SQUID and the input voltage noise of the
first-stage amplifier, respectively. The input voltage noise of the state-of-the-art room-
temperature amplifier approximately equals S

1/2
V,AMPL = 1nV/

√
Hz (AD797 from Ana-

log Devices, for instance). The VΦ value of a dc-SQUID typically equals 100µV/Φ0.
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Thus, the contribution of the first-stage amplifier to the total system noise approxi-
mately equals 10µΦ0/

√
Hz. This value is in the range of the flux noise of the SQUID.

For this reason, a significant decrease in the flux-to-voltage transfer VΦ increases the
system noise. High-frequency magnetic fields that are coupled to the SQUID via the
sensing coils or via the leads that connect the SQUID to the FLL effectively decrease
the flux-to-voltage transfer. A model of this effect confirmed experimentally can be
found in (Rijpma, 2002). To prevent coupling of the high-frequency interference to the
SQUID, the whole setup (i.e. the sensing coil, the SQUID, and the FLL) is enclosed
by a radio-frequency shield.

1.2.3 Environmental interference suppression

Environmental magnetic field

As the magnitude of the fMCGs is weak (∼ 1pT ), almost any source of magnetic field
active in the bandwidth of 1− 100Hz interferes with sensitive fMCG measurements.
A summary of Power Spectral Densities (PSDs) of the environmental magnetic fields
and first order gradients recorded inside and outside magnetically shielded rooms in
various locations is shown in figure 1.6 (Vrba and Mckay, 1998). The dashed areas
in the figure represent the ranges of the records. The slope of the PSD is most likely
due to magnetic objects moving in the vicinity of the measurement site. The moving
magnetic objects contribute to the environmental noise indirectly by modulating the
magnetic field of the earth. For instance, (Vrba, 1996) simulated car traffic. The
simulations show a good fit into measured environmental magnetic field in both time
and frequency domains. In (Vrba, 1996) it is concluded that the slope in the PSD can
be described as 1/fk with k varying between 1 and 4 depending on traffic condition.
The peak at the frequency of 50Hz in figure 1.6 represents magnetic field induced by
the power lines and by the power suppliers of the laboratory equipment. The bump
between 10Hz and 50Hz represents vibration of the sensing coil in the magnetic field
of the earth. For comparison, a PSD of a fMCG with a peak-to-peak magnitude
of 1pT is shown in figure 1.6b as well. From this comparison, it follows that the
environmental magnetic interference needs to be suppressed for a successful fMCG
recordings. For instance, in order to achieve a resolution of 10fT/

√
Hz (ter Brake

et al., 2002) the magnetic field may need to be suppressed by a factor of 106 at a
frequency of 1Hz. This suppression factor equals the ratio of the upper bound of the
expected uniform magnetic field in unshielded environments at 1Hz (10nT/

√
Hz)

and 10fT/
√

Hz.

Magnetic Shielding

The most straightforward method of environmental magnetic interference suppression
is shielding. For many years, magnetically shielded rooms were used to isolate sen-
sitive instrumentation for Biomagnetism from the magnetically hostile environment.
An example of a magnetically shielded room is shown in figure 1.7a. Walls of the mag-
netically shielded room consist of a layer of aluminum and a few layers of µ−metal
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Figure 1.6. Summary of environmental noise observed in shielded and unshielded en-
vironments. a) First-order gradients of the environmental magnetic noise measured by a
balanced first order gradiometer with a baseline of 0.05m. b) Magnetic field noise and Power
Spectral Density of a fMCG of 1pT peak-to-peak.

(Bork et al., 2000; Cohen et al., 2002). The aluminum and µ−metal layers pro-
vide different kinds of shieling. External magnetic fields induce eddy currents in the
aluminum layer. The magnetic field produced by eddy currents opposes the external
magnetic field decreasing its magnitude. According to the Faraday law the magnitude
of the eddy currents and thus the effectiveness of the shielding is proportional to the
frequency of the applied magnetic field. For this reason, the eddy-current shielding
has almost no effect at lower frequencies. This lack of shielding at lower frequencies
is compensated by the layers of µ−metal. µ−metal is a soft ferromagnetic material
which does not retain significant magnetization after the external magnetic field is
removed. A sheet of µ−metal can be regarded as a collection of microscopic magnetic
dipoles that tend to align themselves parallel to the applied magnetic field. Outside
the sheet, the net magnetic field of these dipoles opposes the applied magnetic field
decreasing its magnitude. The shielding effectiveness of the µ−metal is constant at
the lower frequencies. In a typical shielded room, the µ−metal shielding is effective at
frequencies below 0.1Hz whereas the eddy current shielding is effective above 0.1Hz.
Magnetically shielded rooms made of aluminum and µ-metal are capable of establish-
ing a shielding factor of 2.4 · 105 at the frequencies above 1Hz (Cohen et al., 2002).
Two shielded rooms located one inside the other can provide a shielding factor of 106

at 1Hz (Bork et al., 2000). This is the highest shielding factor at room temperatures
achieved at the moment (see figure 1.7b).

Magnetically shielded rooms are often equipped with a set of magnetic field coils
for active compensation of the residual magnetic fields inside the room at lower fre-
quencies (ter Brake et al., 1991a; Bork et al., 2000). That is, the magnetic field is
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Figure 1.7. a) Example of a magnetically shielded room. Adapted from www.eretec.com.
b) Shielding factors of the magnetically shielded room installed in Berlin. These are the
highest shielding factors at room temperatures achieved at the moment. Adapted from
(Bork et al., 2000)

monitored inside a magnetically shielded room by a magnetic field sensor. The signal
of the sensor is fed into the coils such that the total magnetic field in the magnetically
shielded room is reduced. To use this compensation scheme effectively, the reference
sensor inside the shielded room should be as sensitive as the sensor used in the actual
Biomagnetic measurements (ter Brake et al., 1993). An additional shielding factor of
40dB at 1Hz due to the application of active shielding was reported (ter Brake et al.,
1993).

A more high-tech approach to the construction of a magnetically shielded room
is described in (Kato et al., 2002). In (Kato et al., 2002) active shielding panels are
used instead of traditional combination of aluminum and µ−metal layers. Each active
panel consists of a square coil with a magnetic field sensor located in the center of the
coil. The signal of the sensor is fed into the coil such that the normal component of
the magnetic field in the center of the panel is canceled. The boundary of the volume
to be shielded is paved with the active panels. One may expect that the magnetic field
inside the volume equals zero as the normal component of the magnetic field at the
boundary is nullified by the active panels. A magnetically shielded room constructed
from the active panels has obvious advantages in manufacturing, transportation, and
installation. However, only a shielding factor of 17 has been realized at the moment
(Kato et al., 2004).

20 Chapter 1



Gradiometry

Although magnetically shielded rooms offer a shielding factor sufficient for Biomag-
netic applications there is an obvious disadvantage: a hight cost of manufacturing
and installation. Furthermore, due to its relatively large weight a shielded room is
typically installed at the ground level of a building. Ones a shielded room is installed,
the fMCG measurements need to be carried out inside it. In other words, the shielded
room leads to inflexibility in the choice of the location of the fMCG measurements
site. For these reasons, there is a constant search for alternative techniques for envi-
ronmental interference suppression. Gradiometry is often considered as an alternative
to shielding.

In figure 1.8a, a so-called first-order axial gradiometer is shown. The gradiometer
is wound from superconducting (niobium) wire . The ends of the wire are connected to
the input coil of the SQUID such that the gradiometer and the input coil of the SQUID
form a closed superconducting loop (see Lg and Lin in figure 1.5d). The magnetic
field produced by a nearby source (i.e. fetal heart) has a relatively large gradient in
the vicinity of the gradiometer. Thus, the resulting magnetic fluxes through the two
turns of the gradiometer have different magnitudes. Environmental noise sources that
are located relatively far away from the gradiometer produce a magnetic field that is
relatively homogeneous in the vicinity of the gradiometer. Consequently, the magnetic
noise fluxes that penetrate the two turns are almost equal in magnitude. Since the
turns are wound in opposite directions, the current induced in the coils by the noise
source is canceled whereas the current induced by the source of useful signal (i.e.
fetal heart) retains a significant magnitude. The subtraction of the output signals
of two first-order gradiometers produces a second-order gradiometer. An example
of such a second-order axial gradiometer is shown in (figure 1.8b). In turn, the
subtraction of the output signals of two second-order gradiometers results in the
formation of the signal of a third-order gradiometer figure 1.8c. In general, the higher
the order of the gradiometer the stronger the effect of environmental interference
suppression. However, in practice gradiometers up to third order are used. The
first three gradiometers in figure 1.8 are referred to as hardware gradiometers as the
subtraction of the signals of the corresponding lower order gradiometer is implemented
in the hardware of the gradiometers. As an alternative, the signals of the lower
order gradiometers can be readout separately and subtracted electronically or in the
software. In this case, the gradiometer is referred to as a synthetic gradiometer. An
example of a synthetic gradiometer is shown in figure 1.8d. All gradiometers shown
in figure 1.8 are sensitive to the longitudinal gradients of the magnetic fields as all
individual coils of the gradiometers are coaxial. Alternatively, a group of coplanar
coils can be arranged to create sensitivity to the transversal gradients of the magnetic
field (so-called planar gradiometers). A more detailed description of higher-order
gradiometer formation can be found in (Vrba, 1997; Vrba and Robinson, 2002).

Ideally, a gradiometer of order n is insensitive to magnetic field gradients of an
order less than n. However, in practice it is difficult to manufacture a gradiometer
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Figure 1.8. Examples of gradiometer formation. a) First-order axial gradiometer made
of two turns of superconducting wire wound in opposite directions. b) Second-order gra-
diometer made of two first-order gradiometers displaced relative to each other. The turns
of the gradiometer are wound such that the signals of the two first-order gradiometers are
subtracted. c) Third-order gradiometer made of two second-order gradiometers. d) Third-
order gradiometer composed of two second-order gradiometers, where the signals of the
two second-order gradiometers are read out separately and subtracted from each other in
software.

such that its sensitivity to lower order gradients is eliminated completely. Manufac-
turing tolerances lead to errors such as differences between the radii of the individual
turns or errors in their orientations and positions. These errors create a sensitivity
of the gradiometer to lower order gradients. Apart from that, conducting and super-
conducting parts of the measuring setup (such as radio-frequency interference shields
and SQUID modules, respectively) disturb the applied magnetic field, thus creating a
sensitivity of the measuring setup to lower order gradients. This residual sensitivity
of a gradiometer to lower order gradients is referred to as imbalance (ter Brake et al.,
1989). Imbalance reduces the ability of a gradiometer to suppress environmental
interference. Typically, imbalance is compensated mechanically (Hesterman, 1976b;
Hesterman, 1976a; Rorden, 1976; Overweg and Walter-Peters, 1978), electronically
(ter Brake et al., 1989), or using a combination of the two approaches (Vrba and
McCubbin, 1983).

In mechanical balancing, a system of superconducting tabs is located in the prox-
imity of gradiometer coils. The superconducting tabs disturb the magnetic field lo-
cally altering the magnetic flux enclosed by the coils. The position and orientation
of the tabs are adjusted such, that the sensitivity of the gradiometer to the uniform
magnetic field is reduced. Mechanical balancing is frequency-independent and cannot
be used for a compensation of the eddy-currents effect. A relative sensitivity to the
residual magnetic field of 10−6 can be achieved by application of mechanical balancing
(Barbanera et al., 1981).
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In electronic balancing, a system of reference magnetometers is included in the
measuring setup along with the main high-order gradiometer intended for the Bio-
magnetic measurements. The signals of the reference gradiometers are mixed with the
signal of the main higher order gradiometer in proportions that reduce the sensitivity
of the whole setup to the uniform magnetic field. Compensation of the eddy current
effect can be implemented by filtering the reference signals. Residual imbalance of
10−5 was reported as a result of applying electronic balancing (ter Brake et al., 1989;
Vrba, 1996).

Both balancing methods involve minimization of the response of the measuring
system to the test magnetic fields. Different types of sources of the test magnetic
fields are discussed in the literature. The earth magnetic field (Vrba et al., 1982),
(Jaworski and Crum, 1980) can be used for this purpose as well as magnetic fields
produced by Helmholtz coils (ter Brake et al., 1989), three-square-coils set (Rijpma,
2002), a system of coaxial circular coils (Primin et al., 2002), and a rotating magnetic
dipole (Vrba, 1996; Vrba and McCubbin, 1983). The environmental magnetic noise
can serve as a test field as well. For instance in (Wltgens and Koch, 2000; Broussov
et al., 2003) signals of reference sensors are mixed with a signal of a primary sensor via
multiplicative coefficients calculated based on observations of the environmental noise.
That is, the environmental noise is recorded prior the actual Biomagnetic measure-
ments by all references and by the primary sensor. Subsequently, the multiplicative
mixing coefficients are calculated by fitting the reference signals in the signal of the
main sensor by means of linear regression. The linear regression can be performed in
both, time and frequency domains.

1.3 Objectives and layout of the thesis

Fetal magnetocardiograms are recorded in a few research centers in the world equipped
with shielded rooms. The necessity of the magnetically shielded room and the ne-
cessity of the constant supply of liquid helium hinder the daily use of fetal magneto-
cardiography in hospitals. The 4K FHARMON (Dutch acronym for Foetale HARt
MONitor) project aims at the construction of a relatively inexpensive low-Tc fetal
magnetocardiograph with a few measuring channels. The three main requirements
for the FHARMON fetal magnetocardiograph are:

• The intrinsic noise of the system has to be of order of 10fT/
√

Hz.

• The system has to be cryocooler-cooled. As only low-Tc SQUIDs technology can
provide the adequate sensitivity, the system needs to be cooled to about 4K.

• The system has to be able to suppress the environmental magnetic interference
beyond the level of intrinsic sensitivity without the application of a magnetically
shielded room.

Research within the FHARMON project is conducted along two lines: a magnetically
silent 4K cryocooler and environmental interference suppression without the appli-
cation of a magnetically shielded room. The objective of the work presented in this
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Figure 1.9. Schematic illustration of the gradiometer balancing experiment. Boxes F1...F8
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thesis is to design a highly balanced gradiometer for the FHARMON system that
would enable fMCG measurements in unshielded environment.

The FHARMON system utilizes a highly balanced third-order synthetic gradiome-
ter as an alternative to the magnetically shielded room. The gradiometer is schemati-
cally depicted in figure 1.8d. The gradiometer can adapt to the level of environmental
noise. That is, the signal of the lower second-order gradiometer is used in relatively
low-noise environments whereas the signal of the synthetic third-order gradiometer
is used in noisy environments. This adaptation allows to improve the signal-to-noise
ratio in the low-noise environments due to better coupling of the magnetic flux to the
SQUID. In order to reach the required level of environmental interference suppression,
the gradiometer is electronically balanced. The gradiometer balancing procedure is
schematically depicted in figure 1.9. A system of reference magnetometers and first-
order gradiometers is introduced into the system for the purpose of electronic balanc-
ing. The signals of the two second-order gradiometers and the reference signals are
read out separately and mixed in the software. A characterization coil set is used to
generate the test magnetic fields that correspond to the uniform magnetic fields in
three orthogonal directions and five first-order linearly-independent gradients. The
gains of the reference channels are adjusted such, that the response of the system is
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nullified for all applied test magnetic fields.
The third-order gradiometer of the FHARMON system has a number of geometri-

cal parameters (these are denoted R,S,D,C in figure 1.8d) that can be optimized for
the maximal signal-to-noise ratio of the recorded fMCG. The optimization of these
geometrical parameters is discussed in chapter 2. The quality of the gradiometer
balancing depends on the homogeneity of the test magnetic fields applied to the gra-
diometer during the balancing procedure. The required homogeneity of the test mag-
netic fields (and thus the complexity of the characterization coil set) is a function of
initial (i.e before balancing) and required (i.e after balancing) imbalance coefficients.
The imbalance coefficients are defined in chapter 3. The expected initial imbalance
coefficients are estimated in chapter 3 as well. The design of the characterization coil
set is discussed in chapter 4 after a short consideration of the main requirements. The
mechanical construction of the characterization coil set and gradiometer balancing ex-
periments are discussed in chapter 5. The gradiometer is enclosed by a conducting
radio frequency interference shield as well as by a thermal isolation. The thermal
magnetic noise generated by these shields decreases the sensitivity of the system. The
eddy currents induced by this shields are coupled to the gradiometer inducing fre-
quency dependent imbalance. Methods of estimation of the influence of these effects
on the system performance are needed. Such methods were developed in (Rijpma,
2002). In chapter 6 these methods are confirmed experimentally.
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Chapter 2

Gradiometer optimization

2.1 Introduction

In this chapter, the optimization of the gradiometer is discussed. The gradiometer
is shown schematically in figure 2.1a. This is a schematic representation of the gra-
diometer depicted in figure 1.8d. It consists of two second-order gradiometers. The
signals of the two second-order gradiometers are read out separately and subtracted
in the computer software. The order of the gradiometer can be adapted to the envi-
ronmental noise level. That is, the second-order gradiometer can be used in low-noise
environments whereas the third-order gradiometer can be used in relatively noisy
environments.

There are four parameters of the gradiometer that have to be optimized (see fig-
ure 2.1a): the radius of the sensing coils (R), the length of the second-order gradiome-
ter (D), the separation between the two inner turns of the second-order gradiometer
(S) and the separation between the two second-order gradiometers (C). The optimal
geometry of the gradiometer, i.e., the one that maximizes the SNR, depends on the
level of environmental interference as well as on the position of the signal source in
relation to the gradiometer. Different values of the signal and interference related
parameters require gradiometers of different geometries. The geometry of the gra-
diometer is optimized to provide the maximum of the mean SNR averaged for all
combinations of the parameters.

The magnetic noise that arises from the conducting parts of the measuring setup
decreases the SNR. In the optimization, the maximum level of the magnetic noise
that allows recording fMCG signals of all relevant magnitudes with a sufficient SNR
is deduced.

The second-order gradiometers that are shown in figure 2.1 consist of six sections.
Each section comprises one turn of superconducting wire. Gradiometers that have
several turns in each section are frequently used in the instrumentation for Biomag-
netism. An example of such a multiturn gradiometer is shown in figure 2.1b. In this
chapter, the usefulness of multiturn gradiometers is investigated as well.
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a) b) Figure 2.1. a) The third-order
gradiometer to be optimized.
The gradiometer consists of two
second-order gradiometers (solid
and dashed lines). The second-
order gradiometer (solid lines)
will be used in low noise environ-
ments while the third-order gra-
diometer will be used in noisy en-
vironments. A magnetic dipole
(M) is used to model the mag-
netic field generated by the fe-
tal heart (see text). b) An il-
lustration of the formation of
a symmetric multiturn second-
order gradiometer.

2.2 Optimization method and assumptions

First, the measuring system, the signal source and the environmental interference are
discussed (sections from 2.2.1 to 2.2.3). Then, in section 2.2.4, the equation that was
used to evaluate the SNR is given. In that section, the assumed values of the variables
that were used to calculate the SNR are summarized in table 2.1. The optimization
procedure is discussed in section 2.2.6, after the introduction of a performance function
in section 2.2.5. Finally, in section 2.2.7, the method that was used to investigate the
usefulness of the multiturn gradiometers is discussed.

2.2.1 Measuring system

The standard layout of a SQUID measuring system is depicted in figure 2.2. The
magnetic flux Φg through the gradiometer with inductance Lg induces a current in
the superconducting closed circuit Lg, Ltw, Lin. The current flowing in the input
inductance Lin produces a magnetic flux ΦSQUID in the SQUID. The flux transfer
efficiency equals

KΦ =
ΦSQUID

Φg

=
Min

Lin + Lg + Ltw

(2.1)

where Min is the mutual inductance between the input coil and the SQUID and
Ltw is the self inductance of the twisted wires that interconnect the coils of the gra-
diometer and connect them to the SQUID. The whole setup is enclosed by several
layers of aluminum-coated Mylar film (superinsulation) as well as a radio-frequency
interference (RFI) shield. The RFI shield is typically made of a single layer of a con-
ducting material such as aluminum paint, aluminum foil or copper meshing. Both,
the superinsulation and the RFI shield comprise conductive components and produce
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Figure 2.2. The standard layout of a SQUID measuring system.

magnetic noise. The shielding by the RFI shield improves with increasing thickness
and conductivity of the material that is used in the shield. In practice, it is desirable
to have a shielding effect as large as possible. However, the magnetic noise due to
the shield increases with the thickness and the conductivity of the material as well.
A similar trade-off holds for the superinsulation. Therefore, the maximum level of
the magnetic noise due to the shield that allows realizing an adequate SNR needs to
be investigated. In the optimization, this magnetic noise Bs is varied between 0 and
10fT/

√
Hz, which is the worst sensitivity level that is acceptable in fetal magneto-

cardiography (ter Brake et al., 2002). The geometry of the gradiometer is optimized
for all assumed values of Bs. Then, Bs is chosen such, that the SNR is acceptable.
The intrinsic sensitivity of the measuring setup is determined by two noise sources:
the magnetic field noise of the RFI shield plus the superinsulation (Bs) and the mag-
netic flux noise of the SQUID plus readout electronics (Φs). In the FHARMON
project demonstrator, the commercially available SQUIDs type CSblue of Supracon
(www.supracon.com) are used. The parameters of the SQUIDs are

Φs = 7.2
µΦ0√
Hz

; Lin = 320nH; Min = 10nH (2.2)

The self inductance of the gradiometer is evaluated using expressions that are available
in (ter Brake, 1986). The self inductance of the twisted wires (Ltw) is evaluated using
the following expression (Cantor, 1996):

Ltw = 0.5l (2.3)

where l is the length of the twisted wires in millimeters and Ltw is the resulting
inductance in nH.

2.2.2 Signal source

The magnetic field due to the fetal heart plus the field due to the volume currents
can be modeled by an equivalent magnetic dipole (Stinstra, 2001). The position of
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the dipole in relation to the gradiometer is shown in figure 2.1a. The gradiometer is
invariant to the rotation around the z− axis. Consequently, the coordinate system is
chosen such that the x− component of the displacement vector equals zero. The x−
component of the equivalent magnetic dipole does not contribute to the z− component
of the magnetic field and is omitted from the consideration. The results presented
in (Stinstra, 2001) suggest that the angle between the equivalent magnetic dipole
and the xy− plane is at most 40o where the xy− plane is tangential to the maternal
abdominal surface. Calculations show that a rotation of the magnetic dipole out of
the xy− plane by 40o does not affect the optimization results significantly. Therefore,
the z− component of the equivalent magnetic dipole is neglected as well.

The net flux through the gradiometer due to the equivalent magnetic dipole is
evaluated by integrating numerically the following equation:

ΦD =

∣∣∣∣∑N
m=1 sm

µ0

4π

∫ 2π

0
R·M ·(z−zm)·sin β·dβ

[(R cos β)2+(y−R sin β)2+(z−zm)2]
3
2

∣∣∣∣ (2.4)

where zm stands for the z- coordinate of the m-th turn of the gradiometer and sm = 1
if the m-th turn of the gradiometer is wound clockwise; sm = −1 if the turn is wound
counterclockwise; N is the number of turns in the gradiometer and β is the parameter
of the parameterization of a single turn. The depth of the dipole is assumed to be equal
to z = 0.05, 0.1 and 0.15 meters. These correspond to the minimum, the medium and
the maximum depths expected for the equivalent magnetic dipole. The y− coordinate
of the dipole is chosen such that the net magnetic flux through the gradiometer is
maximized. The minimal expected value of the magnitude of the equivalent magnetic
dipole

M = 7nA ·m2 (2.5)

is estimated based on data presented in (Kandori et al., 1999).

2.2.3 Environmental interference

The frequency content of the fMCG signal is assumed to be between 1Hz and 100Hz.
The maximal expected magnitudes of Power Spectral Density (PSD) at the frequency
of 1Hz of the second- and third- order gradients of the interfering environmental
magnetic field are estimated from the collection of PSDs of the zero- and first- order
gradients presented in (Vrba and Mckay, 1998). In order to make this estimation, it
was assumed that the magnitude of the interfering magnetic fields is proportional to
the inverse cube of the distance. Based on the estimated magnitudes and assuming a
worst-case frequency dependence of the PSD to be proportional to 1/f , the maximal
Root Mean Square (RMS) values of the second- and third- order gradients of the
interfering magnetic field are determined as:

G
(2)
MAX = 0.53 · 10−10T ·m−2 (2.6)

G
(3)
MAX = 0.11 · 10−11T ·m−3 (2.7)
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An environmental noise parameter ξ is introduced such that the actual RMS value of
a gradient of the interfering magnetic field that is considered is:

G
(n)
ENV = G

(n)
MAX · ξ (2.8)

where n is the order of the gradient. The parameter ξ is varied between 0 and 1. The
second- and third- order gradiometers are assumed to be sensitive to the second- and
third- order gradients of the interfering magnetic field only. That is, the gradiometers
are assumed to be perfectly balanced and the higher-order gradients of the interfer-
ing magnetic field are neglected. The net flux through the gradiometer due to the
environmental interference are evaluated as:

Φ
(n)
ENV = G

(n)
ENV · b

(n) (2.9)

where b(n) is the sensitivity of the gradiometer to the corresponding gradient. Neglect-
ing the spatial variations of the interfering magnetic field in the transversal directions,
these sensitivities can be evaluated as:

b(2) = 0.5 · πR2 · (D2 − S2) (2.10)

b(3) = 3 · C · b(2) (2.11)

where R,D,S and C are the geometrical parameters described by figure 2.1a.
Apart from the intentional sensitivities given in (2.10) and (2.11), a practical

gradiometer has parasitic sensitivities (so called imbalances) to lower order gradients
of the interfering magnetic field (Vrba, 1996). However, it is assumed that the second-
and third- order gradiometers are manufactured and balanced sufficiently well to be
in their intrinsic regimes (Vrba, 1996). In that case, the noise component of the signal
is defined either by the intrinsic noise of the measuring system or by the second- or
third- order gradients of the interfering magnetic field. The field imbalance that is
required to keep the gradiometers designed in the subsequent sections in their intrinsic
regimes is of order of 10−6. The required first-order gradient imbalance is of the order
of 10−3 − 10−4. From (Vrba, 1996) it was concluded that it is feasible to realize
these imbalances using electronic balancing. Consequently, imbalance contributions
are neglected in the optimization procedure.

2.2.4 Signal-to-noise ratio

The SNR of the fMCGs is expressed as

SNR = 20 log ΦD√(
Φ

(n)
ENV

)2
+4f(πR2Bs)

2+(n−1)4f
(Φs)2

K2
Φ

(2.12)

where 4f = 100Hz is the bandwidth of the fetal heart signal. The numerator in
the last equation equals the amplitude of the fetal heart signal expressed as the net
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Table 2.1. Summary of the assumed variables that are used to calculate the SNR
Variable Description Value

Lin Input self inductance
of SQUID [nH] 320

Min Input mutual inductance
of SQUID [nH] 10

l Length of the twisted wires [mm] 300
Φs Equivalent flux noise

of SQUID [µΦ0/
√

Hz] 7.2
Bs Field noise of the radiation

shield [fT/
√

Hz] 0...10?

z Depth of the equivalent
dipole [mm] 50 : 50 : 150∗

M Magnitude of the equivalent
magnetic dipole [nA ·m2] 7

G
(2)
ENV Second-order gradient of the 0.53 · 10−10

env. interference [T ·m−2] ×ξ

G
(3)
ENV Third-order gradient of the 0.11 · 10−11

env. interference [T ·m−3] ×ξ
ξ Noise parameter 0...1?

R Radius of the gradiometer [mm] 5 : 2.5 : 200∗

D Length of the second-order
gradiometers [mm] 20 : 10 : 300∗

S Separ. between the inner coils of the (1 : 5.16 : 99)
second-order gradiometers ×10−2 ×D∗

C Separ. between the two second-order
gradiometers [mm] 10 : 10 : 300∗

m the number of turns in each coil
of the second-order gradiometer 2 : 1 : 5∗

4z the separation between the turns
of the second-order gradiometer [mm] 1...20?

the following notations are used: ∗ min:step:max; ? min...max.

magnetic flux through the gradiometer. The denominator equals the RMS value of the
interfering noise expressed as the net magnetic flux through the gradiometer as well.
The three terms in the denominator represent the RMS values of the environmental
noise, the magnetic noise of the RFI shield plus the superinsulation and the noise of
SQUID plus readout electronics. In order to determine the required SNR, a noiseless
fMCG signal is mixed in different proportions with white noise that represented the
noise of the measuring system. Based on the resultant mixtures of the fMCG signal
and noise, it is concluded that a SNR of 15dB is required in order to make the fetal
heart beats discernible in the fMCG recordings (see section 2.3.1).
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Figure 2.3. A stylized plot that
illustrates the optimization con-
cept. The two solid curves corre-
spond to gradiometers that oper-
ate in two different environments
that are described by parameters
Pe1 and Pe2. If the parameter of
the gradiometer is chosen to be
equal to Pg0, the SNRs will devi-
ate from their maxima by d1 and
d2, respectively. The optimiza-
tion aims at the maximization of
the averaged SNR.

2.2.5 Optimization performance function

The SNR given in (2.12) can be viewed as a function of seven independent variables

SNR = SNR(D, R, S, C,Bs, z, ξ) (2.13)

These independent variables can be divided in two groups. The first group com-
prises the geometrical parameters of the gradiometer (D, R, S, C) that have to be
optimized. The second group comprises the parameters of the environment in which
the gradiometer is operated (Bs, z, ξ). The parameters z and ξ are independent of the
optimization procedure. The parameter Bs is determined by optimizing the geometry
of the gradiometer for all assumed values of Bs and choosing Bs such, that the SNR
is acceptable.

The performance function is introduced by means of a simplified example in
which the SNR is assumed to be a function of one geometrical parameter of the
gradiometer(Pg) and one parameter of the environment (Pe)

SNR = SNR(Pg, Pe) (2.14)

For instance, the parameter Pg could represent the radius of the gradiometer (R) and
the parameter Pe could represent the depth of the equivalent magnetic dipole (z). In
figure 2.3, schematic curves of the SNR versus the parameter of the gradiometer are
shown. The two solid curves represent the SNR of the gradiometers that operate in
different environments that are described by Pe = Pe1 and Pe = Pe2. If the parameter
of the gradiometer is chosen to be Pg0 then the actual SNR is d1 lower than the
maximal obtainable in the case Pe = Pe1 and d2 below the maximal SNR in the case
Pe = Pe2. The optimization of Pg aims at a maximum of the averaged SNR indicated
in figure 2.3. Therefore, the performance function can be expressed as

J(Pg) =
1

2
(SNR(Pg, Pe1) + SNR(Pg, Pe2)) (2.15)

The performance function given by the last equation differs from the actual perfor-
mance function used in the optimization in the number of the parameters considered.
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2.2.6 Optimization procedure

The optimization consists of two steps. In the first step, the optimal geometrical
parameters of the second-order gradiometer are derived. Equation (2.12) is evaluated
using the set of values of variables listed in table 2.1. Consequently, for each combi-
nation (i) of the environmental conditions the following function of three variables is
derived:

SNRi = SNRi(D, R, S) (2.16)

The mean SNR (similar to (2.15)) averaged for different combinations is evaluated as

J (2)(D, R, S) =
1

N

N∑
i=1

SNRi(D, R, S) (2.17)

where N is the number of combinations of the environmental parameters. The argu-
ments of the maximum of the last equation are considered as the geometrical param-
eters of the optimal second-order gradiometer.

The third-order gradiometer consists of two identical second-order gradiometers
that are optimized as discussed above. In the second step of the optimization, the
axial separation (C) between the two second-order gradiometers is derived following
the same procedure that is used for the optimization of the second-order gradiometer
with the difference that the performance function has only one independent variable

J (3)(C) =
1

N

N∑
i=1

SNRi(C) (2.18)

2.2.7 Number of turns

The number of turns of the gradiometer coils has a two-fold effect on the signal
transferred to the SQUID. Firstly, it increases the net magnetic flux through the
gradiometer which roughly scales with the number of turns. Secondly, it decreases
the flux transfer efficiency which is given by (2.1) because the self inductance of the
gradiometer Lg increases with the number of turns as well. The inductance of the
gradiometer increases more rapidly with the number of turns than the net magnetic
flux through the gradiometer does. Therefore, the signal transferred to the SQUID
can be increased by increasing the number of turns only if the self inductance of the
SQUID input coil is sufficiently large compared to that of the gradiometer.

A one-turn and a corresponding four-turn second-order gradiometers are shown in
figure 2.1b as an example. The usefulness of the m-turn gradiometers is investigated
by comparing the magnetic flux transferred to the SQUID in the case of a one-turn
gradiometer with that of an m-turn gradiometer

Q = 20 log

(
Φm

Lm + Lin + Ltw

L1 + Lin + Ltw

Φ1

)
(2.19)
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Figure 2.4. A noiseless fMCG
signal mixed in different propor-
tions with white noise. This fig-
ure is used for the qualitative
evaluation of the SNR. It was
concluded that a SNR of 15dB
is sufficient to make the fetal
heart beats discernible in fMCG
recordings.

where L1 and Lm are the self inductances of the one-turn and the corresponding m-
turn gradiometers and Φ1 and Φm the net magnetic fluxes, respectively. Increasing
the number of turns increases the magnetic flux coupled to the SQUID only if the
parameter Q given by the last equation is greater than zero.

2.3 Results

2.3.1 Signal-to-noise ratio

The fMCG signal mixed with white noise in different proportions is shown in figure 2.4.
From these plots, it is concluded that the SNR of the fetal magnetocardiogram has
to be in the range 10 − 15dB in order to make the fetal heart beats discernible in
the recordings. This would allow the averaging of the fetal heart beats with the
subsequent determination of the intracardiac intervals (Stinstra, 2001). In the case
of the third-order gradiometer, the contribution of the SQUIDs to the noise power
of the measuring system is twice as large as in the case of second-order gradiometer.
Assuming that the third-order gradiometer rejects all environmental interferences, the
difference in the SNR between the second-order gradiometer under condition ξ = 0
and the third-order gradiometer for all values of ξ is less than 3dB. Thus, the SNR of
the second-order gradiometer in a noise-free environment (ξ = 0) could be considered
as a ’SNR characteristic’ of both second- and third- order gradiometers. In what
follows, the gradiometer is considered to be designed sufficiently well if the SNR of
the weakest fMCG signal measured by the second- order gradiometer in the noise-free
environment is equal to 15dB. The weakest fMCG signal considered corresponds to
the smallest magnitude of the equivalent magnetic dipole of 7nA ·m2 and the largest
depth of the dipole of 0.15m.
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Figure 2.5. The optimal length
(D), the radius (R) and the sepa-
ration between the inner coils (S)
versus magnetic noise Bs. The
environmental noise parameter is
assumed to be in between ξ =
10−4 and 10−1. Other parame-
ters are assumed to have values
that are listed in table 2.1.

2.3.2 Optimization of the second-order gradiometer

In figure 2.5, the radius, the length and the separation between the inner turns of
the single-turn second-order gradiometers that are optimal for ξ = 10−4 − 10−1 and
z = 0.05, 0.1, 0.15m are shown as a function of Bs. The parameter ξ is varied with a
unitary step in the exponent. The lower limit of the parameter ξ = 10−4 is chosen such,
that the contribution of the environmental interference to the SNR can be neglected.
The curves that are presented in figure 2.5 are the results of polynomial fits of the
calculated data. These fits are made to smoothen quantization errors due to the finite
step in the grid of values of independent variables for which (2.12) is evaluated. In
the absence of the magnetic noise of the RFI shield and the superinsulation (Bs =
0fT/

√
Hz; not shown in figure 2.5), the optimal gradiometer has the largest radius

R = 0.045m and the shortest length D = 0.12m. The increase of the magnetic noise
Bs leads to an increase of the gradiometer length and a decrease of its radius.

In figure 2.6, the SNR, calculated for the gradiometers of the optimal dimensions
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B
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Figure 2.6. The SNR calculated
for the second-order gradiome-
ters of the optimal dimensions
that are shown in figure 2.5. The
environmental noise parameter is
assumed to be equal to ξ = 0.
The magnitude of the equivalent
dipole is assumed to be equal to
the minimal expected value.
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Figure 2.7. The performance func-
tion of the optimization of the third-
order gradiometer ((2.18) in the
text). The maximum of the per-
formance function (indicated by the
circle) corresponds to the separation
between the second-order gradiome-
ters of C = 0.21m. The decrease of
the separation to a value of 0.075m
(indicated by the asterisk) leads to a
decrease of the performance function
by 0.8dB. The third-order gradiome-
ters that correspond to the separa-
tions of C = 0.21m and C = 0.075m
are shown in insets a and b respec-
tively.

that are presented in figure 2.5, is shown. The SNR was calculated assuming a noise-
free environment (ξ = 0). From figure 2.6, it follows that, if the magnetic noise due
to the RFI shield and the superinsulation equals 1.5fT/

√
Hz, the recording of the

weakest fMCG signal will have a SNR of 15dB which is sufficient for the detection of
the fetal heart beats. The geometrical parameters of the corresponding gradiometer
can be deduced from figure 2.5 as R = 0.025m, D = 0.15m, S = 0.016m. This
gradiometer in combination with a maximum shield noise Bs of 1.5fT/

√
Hz provides

an adequate performance of the gradiometer. A better performance in terms of SNR
can only be obtained if Bs can be reduced to a lower level. Then the geometry of the
gradiometer would change as indicated in figure 2.5.

2.3.3 Optimization of the third-order gradiometer

The performance function (2.18) for the optimization of the third-order gradiometer
is shown in figure 2.7. For the noise parameter (ξ) twenty points logarithmically
spaced between 0.1 and 1 are taken. The shield noise and the geometrical parameters
of the two second-order gradiometers are assumed to be equal to the optimal ones
discussed above. The maximum of the performance function is designated in figure 2.7
by the circle. The maximum corresponds to a separation between the second-order
gradiometers of 0.21m. However, a decrease of the separation from 0.21m to 0.075m
(indicated in figure 2.7 by an asterisk) leads to a small decrease of the performance
function from 27.5dB to 26.7dB. The two third-order gradiometers that correspond
to the separations of 0.21m and 0.075m are shown in figure 2.7 as well. The decrease
of the separation between the two second-order gradiometers leads to a decrease of
the total length of the third-order gradiometer of 37% without significant change of
the performance. Therefore, a separation of C = 0.075m is chosen. The SNRs of
the second- and third- order gradiometers are shown in figure 2.8 as a function of
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the environmental noise parameter. From the figure, it follows that the second-order
gradiometer provides an improvement of the SNR up to 3dB over the third-order
gradiometer in the low-noise environments. The point where the SNR curves of the
second- and third- order gradiometers intersect depends on the depth of the source and
is around ξ = 0.02. The second-order gradiometer will be used in environments that
correspond to ξ less than the above mentioned point. The third-order gradiometer
will be used otherwise.

2.3.4 Number of turns

The optimal geometries of the one-turn second-order gradiometers are shown in fig-
ure 2.5 as a function of the magnetic noise of the RFI shield plus the superinsulation
(Bs). The possibility to increase the magnetic flux transferred to the SQUID by in-
creasing the number of turns of the coils of the optimal second-order gradiometers

Figure 2.9. The increase of the
magnetic flux coupled to the
SQUID (2.19) due to increase
of the number of turns of the
gradiometer (m) as a function
of the separation between the
turns (4z) with source depth
z = 0.05m. The three plots
correspond to three different ge-
ometries of the initial one-turn
second-order gradiometer (see
figure 2.5).
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Figure 2.10. The maximum
possible increase of the magnetic
flux coupled to the SQUID due to
increase of the number of turns
of the gradiometer. The circles
in this figure correspond to the
circles in the figure 2.9.

is investigated by evaluating (2.19) for different optimal gradiometer geometries that
are given in figure 2.5. The number of turns in each coil (m), the separation between
the turns (4z) and the depth of the equivalent magnetic dipole (z) are varied as indi-
cated in table 2.1. The parameter Q calculated for z = 0.05m and Bs = 0fT/

√
Hz,

Bs = 1.5fT/
√

Hz, Bs = 10fT/
√

Hz is shown in figure 2.9. The maximal values of the
parameter Q for the three gradiometer geometries are indicated in figure 2.9 by circles.
The maximal values of the parameter Q for other gradiometer geometries of figure 2.5
are shown in figure 2.10 as a function of the gradiometer radius. From this figure, it
follows that the increase of the number of turns only makes sense if the radius of the
gradiometer is less than about 20mm. This corresponds to a magnetic shield noise
Bs > 3fT/

√
Hz in figure 2.5 or minimal SNR < 10dB in figure 2.6. Consequently, it

is concluded that the self inductance of the optimal gradiometer geometry that is dis-
cussed in the previous sections is too large to increase the magnetic flux transferred to
the SQUID by increasing the number of turns (R = 0.025m, D = 0.15m, S = 0.016m).

2.4 Conclusion

A third-order gradiometer that consists of two identical symmetric second-order gra-
diometers was optimized for application in unshielded environments. A performance
function was defined in which the average SNR is determined over a range of environ-
mental noise conditions and distances to the signal source. This function was maxi-
mized in order to find the optimal gradiometer design. The optimized gradiometer is
shown in figure 2.7a. The geometrical parameters of the gradiometer are R = 0.025m,
D = 0.15m, S = 0.016m, C = 0.21m. It was found that the separation between the
second-order gradiometers (C) can be decreased without significant change in the
SNR. The maximal magnetic noise due to the radiofrequency interference shield and
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the superinsulation that allows recording of the fMCG signals of the minimal mag-
nitude with the sufficient SNR of 15dB was found to be equal to 1.5fT/

√
Hz. The

benefit of increasing the number of turns was investigated as well. The self inductance
of the optimized gradiometer is too large for this increase to be advantageous.
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Chapter 3

Estimation of gradiometer imbalance

3.1 Introduction

In the previous chapter, the optimization of the gradiometer of the FHARMON system
is discussed. Ideally, the gradiometer is insensitive to the magnetic field gradients
of order less than two (three) if operated in the second (third) order gradiometer
regime. However, in practice it is difficult to manufacture a gradiometer such, that its
sensitivity to lower-order gradients is eliminated completely. Manufacturing tolerances
lead to errors such as differences between the radii of the individual turns or errors in
their orientations and positions. These errors create a sensitivity of the gradiometer to
lower-order gradients. Apart from that, conducting and superconducting parts of the
measuring setup (such as radio-frequency-interference shields and SQUID modules,
respectively) disturb the applied magnetic field, thus creating a sensitivity of the
measuring setup to lower-order gradients. This residual sensitivity of a gradiometer
to lower-order gradients is referred to as imbalance (ter Brake et al., 1989). Imbalance
reduces the ability of a gradiometer to suppress environmental interference.

In the FHARMON demonstrator system, the imbalance is compensated by bal-
ancing the gradiometer electronically in a characterization coil set. As discussed in
chapter 4, the required homogeneity of the magnetic fields and gradients produced by
the characterization coils depends on the initial imbalance of the gradiometer. Here,
by initial imbalance the imbalance of the unbalanced gradiometer is meant. Thus,
it is necessary to evaluate the initial imbalance of the gradiometer. In this chapter,
methods for evaluating the initial imbalance of an arbitrary gradiometer by means
of computer simulations are discussed. The methods are applied to the evaluation of
the initial imbalance of the second- and third- order gradiometers of the FHARMON
system.

First, in section 3.2.1 the relevant parts of the FHARMON system are described.
Next, in section 3.2.2 the definition of imbalance coefficients is given and their main
properties are discussed. Methods for evaluating the imbalance coefficients due to me-
chanical imperfections, conducting radio-frequency-interference shields and supercon-
ducting SQUID modules are discussed in sections 3.2.3, 3.2.4 and 3.2.5, respectively.
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Figure 3.1. A schematic draw-
ing of the FHARMON gradiome-
ter. a) Relative positions of the
gradiometer, reference system,
superconducting SQUID mod-
ules and the radio-frequency-
interference shield. b) Gradiome-
ters and magnetometers of the
reference system.

The imbalance coefficients resulting from the respective causes for the FHARMON
system are reported in sections 3.3.1, 3.3.2 and 3.3.3.

3.2 Method of imbalance estimation

3.2.1 Measuring system

The parts of the FHARMON system relevant to the current discussion are shown in
figure 3.1. The twisted wires that interconnect the individual turns of a gradiometer
and connect them to the SQUID are omitted. It was estimated that the imbalance
induced by properly twisted wires can be neglected. Therefore it is assumed that the
gradiometer consists of the sensing turns only. In reality, however, irregularly spaced
openings in the twisted wires can appear inducing a significant imbalance. If the
geometry of the openings is known, the imbalance can be calculated as discussed in
the following sections.

As discussed above, the gradiometer imbalance is compensated by means of elec-
tronic balancing. For this purpose, a system of reference channels is included. Its
location is shown in figure 3.1a. The reference channels are used to measure the three
components of the magnetic field as well as five linearly independent first-order gra-
dients. The magnetometers and gradiometers of the reference system are shown in
figure 3.1b. The two second-order gradiometers and the gradiometers and magnetome-
ters of the reference system are connected to ten superconducting SQUID modules.
Two more SQUID modules are kept as spares. The location of the SQUID mod-
ules relative to the gradiometer is shown in figure 3.1a. The whole setup is enclosed
by a thin conducting shield (e.g. a layer of silver paint on the outer surface of the
cryovessel).
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3.2.2 Definition of imbalance coefficients

Imbalance of a gradiometer is characterized quantitatively by imbalance coefficients
that are defined in this section. For convenience, two notations of the spatial coordi-
nates are used: a1, a2, a3 and x, y, z. The unitary vectors are denoted as x̂, ŷ, ẑ. The
following notation of magnetic field gradients is used in order to define imbalance
coefficients:

g
(n)
k0k1...kn

=
1

n!

(
∂(n)Bk0(a1, a2, a3)

∂ak1 ...∂akn

)
a1=a2=a3=0

(3.1)

where Bk0 is a component of magnetic field and ki are the indexes which have a value

of either 1, 2 or 3. For instance, 1
6

∂(3)Bx

∂y∂y∂z
|x=y=z=0 is denoted as g

(3)
1223.

Using this notation, the expansion of the k0 − th component of magnetic field in
a Taylor series is expressed as

Bk0(a1, a2, a3) = g
(0)
k0

+
∑(

g
(n)
k0...kn

n∏
j=1

akj

)
(3.2)

The summation in the last equation is performed over all gradients. However, a
gradient tensor of order n has only 2n + 3 linearly independent components. This is
due to the following reasons. Firstly, a magnetic field is curl- and divergence- free.
Secondly, the sequence of the differentiation in (3.1) is not important. Consequently,
the following rules can be applied to establish a linear dependence between gradients:

• Two gradients are equal if their indexes are related by permutation.

• If the index of a gradient comprises a pair of 3, the gradient can be split as

g
(n)
33... = −

(
g

(n)
22... + g

(n)
11...

)
(3.3)

Application of these rules to the full set of gradients results in the following (non-
unique) set of zero-, first- and second- order linearly independent gradients:

g
(0)
1 ; g

(0)
2 ; g

(0)
3 ; (3.4)

g
(1)
11 ; g

(1)
21 ; g

(1)
31 ; g

(1)
22 ; g

(1)
32 ; (3.5)

g
(2)
111; g

(2)
211; g

(2)
311; g

(2)
221; g

(2)
321; g

(2)
222; g

(2)
322. (3.6)

By using the two rules, the expansion of a component of magnetic field given in (3.2)
can be expressed in terms of linearly independent gradients only. For instance, the
zero- and first- order terms of this expansion read

Bxx̂ =
(
g

(0)
1 + g

(1)
11 x + g

(1)
21 y + g

(1)
31 z + ...

)
x̂ (3.7)
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Byŷ =
(
g

(0)
2 + g

(1)
21 x + g

(1)
22 y + g

(1)
32 z + ...

)
ŷ (3.8)

Bz ẑ =
(
g

(0)
3 + g

(1)
31 x + g

(1)
32 y − (g

(1)
11 + g

(1)
22 )z + ...

)
ẑ (3.9)

Next, imbalance coefficients are defined as the sensitivity of the gradiometer to terms
of this expansion that comprise the same gradients. For example, the gradient g

(1)
21

is included in (3.7) in the term g
(1)
21 yx̂ and in (3.8) in the term g

(1)
21 xŷ. Thus, the

sensitivity of the gradiometer to a magnetic field of the form

−→
B = g

(1)
21 (yx̂ + xŷ) (3.10)

is characterized by the imbalance coefficient

C
(1)
21 =

1

g
(1)
21

1

A

∫ ∫
S

g
(1)
21 (yx̂ + xŷ) ·

−→
dS (3.11)

where A is the sensing area of a single gradiometer turn and S is the total sensing area
of the gradiometer. Analogously, the definition of imbalance coefficients in general
terms is given by the following equation:

C
(n)
k0...kn

=
1

g
(n)
k0...kn

1

A

∫ ∫
S

−→
B t ·

−→
dS (3.12)

The field
−→
B t is referred to as test magnetic field. The zero-, first- and second- order

imbalances and the corresponding test magnetic fields are listed in table 3.1. The
zero-order imbalance coefficients are dimensionless and imbalance coefficients of order
n have the dimension mn. Using the definition of imbalance coefficients given in
(3.12), the net magnetic flux through a gradiometer can be expressed as

Φ = A
∑

C
(n)
k0...kn

g
(n)
k0...kn

(3.13)

Thus, a gradiometer is insensitive to a linearly independent gradient g
(n)
k0...kn

if it is

constructed such that C
(n)
k0...kn

= 0.
The definition of imbalance coefficients (3.12) is directly applicable to imbalance

caused by mechanical imperfections. However, application to imbalance due to con-
ducting and superconducting parts of the measuring setup requires the test magnetic
field (Bt) to be replaced by the total magnetic field.

It can be shown that imbalance coefficients of an order higher than zero depend
on the displacement of the gradiometer from the origin of the expansion of the test
magnetic field in a Taylor series if the imbalance coefficients of the lower orders are
not equal to zero. Apart from that, the balancing of a lower-order imbalance changes
the higher-order imbalance coefficients as the sensing area of the reference and the
sensing area of the imperfection that causes the imbalance form a small higher-order
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Table 3.1. Imbalance coefficients and the corresponding test magnetic fields
Nr. Imbalance coeff. Test magnetic field

1 C
(0)
1 g

(0)
1 x̂

2 C
(0)
2 g

(0)
2 ŷ

3 C
(0)
3 g

(0)
3 ẑ

4 C
(1)
11 g

(1)
11 (xx̂− zẑ)

5 C
(1)
21 g

(1)
21 (yx̂ + xŷ)

6 C
(1)
31 g

(1)
31 (zx̂ + xẑ)

7 C
(1)
22 g

(1)
22 (yŷ − zẑ)

8 C
(1)
32 g

(1)
32 (zŷ + yẑ)

9 C
(2)
111 g

(2)
111 ((x2 − z2)x̂− 2xzẑ)

10 C
(2)
211 g

(2)
211 (2xyx̂ + (x2 − z2)ŷ − 2yzẑ)

11 C
(2)
311 g

(2)
311 (2xzx̂ + (x2 − z2)ẑ)

12 C
(2)
221 g

(2)
221 ((y2 − z2)x̂ + 2xyŷ − 2xzẑ)

13 C
(2)
321 g

(2)
321 (2yzx̂ + 2xzŷ + 2xyẑ)

14 C
(2)
222 g

(2)
222 ((y2 − z2)ŷ − 2yzẑ)

15 C
(2)
322 g

(2)
322 (2yzŷ + (y2 − z2)ẑ)

gradiometer. For those reasons, the strict definition of the imbalance coefficients
requires the following addition to (3.12):

C
(m)
k0...km

= 0; m < n. (3.14)

In other words, the lower-order imbalance coefficients have to be balanced before cal-
culating (or measuring) the higher-order imbalance coefficients. However, in practice
one can choose the origin of the expansion of the magnetic field in the Taylor series
close to both the center of the gradiometer and the center of the reference system. In
this case, the condition given in the last equation can be neglected if the dimensions
of the reference system are sufficiently small. In the FHARMON system (figure 3.1a),
the influence of the lower-order reference channels on the higher- order imbalance
coefficients can be neglected.

3.2.3 Imbalance due to geometrical imperfections of the gradiome-
ter

The dependence of the imbalance coefficients on geometrical imperfections of a gra-
diometer is assessed by means of Monte Carlo simulations. During each iteration of
the Monte Carlo simulations the radius, the position, and the orientation of each turn
of the gradiometer is randomly modified according to the following expressions:

R′
j = Rj + δRj

(3.15)
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a′i,j = ai,j + δai,j
(3.16)

β′j = sin−1

(
δβj

R

)
(3.17)

γ′j = sin−1

(
δγj

R

)
(3.18)

where Rj and R′
j are the initial and the modified radii of the j-th turn; ai,j and a′i,j

are the initial and the modified i-th coordinate of the center of the j-th turn; β′j is
the angle on which the j-th turn is rotated around the x-axis; γ′j is the angle on
which the j-th turn is rotated around the y-axis; δai,j

, δRj
, δβj

and δγj
are normally

distributed random variables with the same standard deviation. The latter is varied
from 10−6 to 10−3m. In the following sections, this standard deviation multiplied by
a factor of 2 will be referred to as the manufacturing error (ε). Hence, the probability
that a random variable δ falls into the interval [−ε, ε] equals 95%. In each iteration
of the Monte Carlo simulation, the imbalance coefficients of the randomly modified
gradiometer are calculated using (3.12). The maximum expected value of an imbal-

ance coefficient (C
(n)
k0...kn

) is chosen such, that 95% of all outcomes of the Monte Carlo

simulation falls into the interval [−C
(n)
k0...kn

, C
(n)
k0...kn

].

3.2.4 Imbalance induced by the radiofrequency-interference shield

The radiofrequency-interference shield is modelled as cylindrical and disk-shaped con-
ductors that are electrically isolated from each other (figure 3.1a). First, the eddy-
currents induced in the conducting parts by the test magnetic fields (see table 3.1)
are calculated. Next, the imbalance coefficients are evaluated using (3.12) and the
Biot-Savart law.

The conductors under consideration are electrically thin. Hence, the frequency of
the magnetic fields and the conductivity and geometry of the conductors allow us to
neglect capacitive and inductive effects. The test magnetic field is assumed to be in
the following form:

−→
B t =

−→
B 0(x, y, z)ejωt (3.19)

Thus, the eddy-currents induced in a conducting material of conductivity σ by the
applied test magnetic field (Bt) can be described by

∇×
−→
J (x, y, z) = −k

−→
B 0(x, y, z) (3.20)

where
−→
J is the magnitude of the eddy currents and k = jωσ. The variation of the

eddy currents in the direction perpendicular to the surface of the conducting material
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is neglected as the conductor is assumed to be thin. Consequently, the eddy currents
in the disk shaped conductor can be induced only by the z-component of the test
magnetic field. The eddy-currents in the cylindrical conductor can be induced only
by the z- and r- components. The eddy-currents are derived from a scalar function
U as

−→
J = ∇× (U · n̂) (3.21)

where n̂ is the vector normal to the surface of the conductor. The zero-divergence

condition (∇ ·
−→
J = 0) holds for any choice of U . Equation (3.21) is rewritten as

Jφ(r, φ) = −∂U1(r, φ)

∂r
; Jr(r, φ) =

1

r

∂U1(r, φ)

∂φ
(3.22)

and

Jφ(φ, z) =
∂U2(φ, z)

∂z
; Jz(φ, z) = − 1

Rc

∂U2(φ, z)

∂φ
(3.23)

for the disk-shaped and the cylindrical conductors, respectively. Combination of
(3.20), (3.22) and (3.23) yields

• In the case of a disk-shaped conductor in the presence of a z-component of the
test magnetic field

r2 ∂2

∂r2
U1(r, φ) +

∂2

∂φ2
U1(r, φ) + r

∂

∂r
U1(r, φ) = kr2Bz(r, φ) (3.24)

with boundary condition

Jr(Rc, φ) =
1

Rc

∂

∂φ
U1(Rc, φ) = 0 (3.25)

• In the case of a cylindrical conductor in the presence of r− and z− components
of the test magnetic field

1

R2
c

∂2

∂φ2
U2(φ, z) +

∂2

∂z2
U2(φ, z) = kBr(φ, z) (3.26)

∫ 2π

0

∂

∂z
U2(φ, z)dφ =

−k

Rc

∫ 2π

0

∫ Rc

0

rBzdφdr (3.27)

with boundary conditions

Jz(φ, z1) = − 1

Rc

∂

∂φ
U2(φ, z1) = 0; (3.28)

Jz(φ, z2) = − 1

Rc

∂

∂φ
U2(φ, z2) = 0; (3.29)
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where z1 and z2 are the z-coordinates of the boundaries of the cylindrical conductor
(see figure 3.1a). Note, that the function U2(z, φ) has to satisfy (3.26)-(3.29) simul-
taneously. Equations (3.24)-(3.29) are solved analytically for all test magnetic fields
that are listed in table 3.1. The approach that is used to find the analytical solutions
is described in (Uzunbajakau et al., 2006).

Next, imbalance coefficients (3.12) are evaluated by calculating the net magnetic
flux through the gradiometer. The imbalance coefficients are evaluated at the maxi-
mum frequency of interest (100Hz (ter Brake et al., 2002)). The geometrical param-
eters of the radiofrequency-interference shield are assumed to be equal to that of the
FHARMON system: the radii of the disk-shaped and the cylindrical conductors equal
68mm; the length of the cylindrical conductor equals 850mm. The distance between
the lowermost turn of the gradiometer and the disk-shaped conductor equals 12mm.
The selected conductivity-thickness product of the conducting material equals 180S.
In that case, the thermal noise produced by the shield equals 10fT/

√
Hz. This noise

level is considered to be the maximum acceptable one for fetal magnetocardiography
(ter Brake et al., 2002).

3.2.5 Imbalance induced by the superconducting SQUID modules

Since the region outside the superconducting SQUID modules is current free, the curl
of the magnetic field equals zero. Consequently, the magnetic field can be expressed
as a gradient of a scalar magnetic potential

−→
B = −∇φm (3.30)

As the divergence of the magnetic field equals zero as well, the scalar magnetic po-
tential can be described by the Laplace equation

∇2φm = 0 (3.31)

On the surface (Ω) of the SQUID module, the derivative of the scalar magnetic po-
tential in the direction normal to the surface of the SQUIDs module (−→n ) vanishes
due to the Meissner effect

Ω : −→n · ∇φm = 0 (3.32)

At infinity, the effect of the module vanishes and the total magnetic field equals the

test magnetic field (
−→
B t)

∞ : −∇φm =
−→
B t (3.33)

The same set of equations ((3.30)-(3.33)) describes the velocity field of an incom-
pressible unbounded fluid in the vicinity of a rigid obstacle. This problem is solved
analytically in (Kochin et al., 1964) for a disk-shaped rigid obstacle. In (Overweg and
Walter-Peters, 1978) the same solution is used for evaluation of the distortion of the
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Figure 3.2. Boundaries of the mesh structures that are used in FEM calculations. The
truncated cylinder with a relatively large radius in the bottom space of the figure represents
the volume occupied by the gradiometer. a) Case study that was used to assess the accuracy
of the FEM based on analytical expressions. b) The mesh structure that was used to
calculate the imbalance induced by a single SQUID module. c) The mesh structure that
was used to calculate the imbalance induced by twelve SQUID modules.

magnetic flux through a circular coil due to a disk-shaped superconductor. In (ter

Brake et al., 1991b) a similar approach is used to evaluate imbalance C
(0)
3

C
(0)
3 = α3 · 2

π
·
(
1− 1+ρ2

3

)
(1 + ρ2)

−5/2×
(1− (1 + β2)−3)

α = a
z
; ρ = r

z
; β = b

z

(3.34)

where z and r are the displacements of the superconducting disk from the top turn
of the gradiometer in the axial and the lateral directions; a and b are the radii of
the superconducting disk and the gradiometer, respectively. Here, the imbalance co-
efficients induced by a single SQUID module as well as those induced by the twelve
SQUID modules of the FHARMON system (figure 3.2c) are evaluated. The dimen-
sions of the SQUID modules and their displacement from the axis of symmetry of
the gradiometer are: Rs = 5mm, Hs = 24mm, d2 = 25.25mm (see figure 3.2b). The
displacement of the SQUID module from the closest turn of the gradiometer (d1) is
varied from 25mm to 225mm. The total magnetic potential φm can be viewed as a
sum of two potentials

φm = φt + φd (3.35)

The first potential φt represents the (applied) test magnetic field. The second po-
tential φd represents the distortion field caused by the presence of a SQUID module.
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Simulations show that the precision of the evaluation of the imbalance coefficients
improves significantly, if the potential φt is subtracted from (3.31)-(3.33) yielding

∇2φd = 0 (3.36)

Ω : −→n · ∇φd = −→n ·
−→
B t (3.37)

∞ : −∇φd = 0 (3.38)

Potential φd is evaluated by solving (3.36)-(3.38) using FEMLAB software package.
The net magnetic flux through the gradiometer is calculated integrating numerically
the magnetic field over the sensing surface of the gradiometer. Subsequently, the
imbalance coefficients are evaluated using (3.12).

3.3 Results

3.3.1 Imbalance due to geometrical imperfections of the gradiome-
ter

The maximum expected imbalance coefficients of the third-order gradiometer (fig-
ure 3.1a) due to geometrical imperfections are shown in figure 3.3 as a function of
the manufacturing error. The calculated maximum expected zero- and first- order
imbalance coefficients of the second-order gradiometer are almost equal to the cor-
responding imbalance coefficients of the third-order gradiometer and are not shown.
The imbalance coefficients are grouped pairwise in figure 3.3 as the corresponding
test magnetic fields are related by rotation around the z− axis and the gradiome-
ter is invariant to such a rotation. In order to induce an imbalance C

(1)
21 in an axial

second- (or third-) order gradiometer, it is necessary to tilt at least two turns of the
gradiometer such that a sensitivity to the y− component of the magnetic field is cre-
ated and to displace the turns in opposite directions along the x− axis such that a
baseline is formed. The baseline of the ”parasitic gradiometer” that corresponds to
the imbalance C

(1)
21 is of the order of the manufacturing error. On the other hand, the

baselines of the ”parasitic gradiometers” that correspond to the other first-order im-
balance coefficients can be as large as the length of the gradiometer. For this reason,
the imbalance C

(1)
21 is smaller than the other first-order imbalance coefficients. The

same holds for the second-order imbalance C
(2)
321. Consequently, the reference channels

that correspond to the imbalance coefficients C
(1)
21 and C

(2)
321 can be omitted from the

measuring system.
By assuming that the maximum manufacturing error equals 0.1mm, it is concluded

from figure 3.3 that the maximum expected initial zero-, first- and second- order
imbalance coefficients equal 2 · 10−2, 1 · 10−3m and 1 · 10−4m2, respectively.
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Figure 3.3. The maximum ex-
pected initial imbalance coeffi-
cients of the third-order gra-
diometer (figure 3.1a) due to geo-
metrical imperfections as a func-
tion of the manufacturing error.

3.3.2 Imbalance induced by eddy currents

The eddy currents that are induced in the disk-shaped and cylindrical conductors
by the magnetic fields that are listed in table 3.1, are calculated analytically as de-
scribed in section 3.2.4. The eddy currents induced by magnetic fields g

(0)
3 ẑ and

g
(2)
321 (2yzx̂ + 2xzŷ + 2xyẑ) (rows 3 and 13 in table 3.1) are shown in figure 3.4 as an

example. All calculated eddy currents can be split in two groups. The first group
comprises eddy currents that flow in concentric circular pathes (an example is shown
in figure 3.4a). The second group comprises the rest of the eddy currents. The eddy
currents that form the first group induce non-zero magnetic flux through the gradiome-
ters. In opposite, the eddy currents of the second group induce zero net magnetic flux
through the gradiometers. For instance, the eddy currents shown in figure 3.4b have
several regions where currents are flowing in opposite directions producing zero net
magnetic flux through a horizontal coaxial circular coil.

Z Z

a) b)

Z1

Z2

Figure 3.4. Examples of calcu-
lated eddy currents in the disk-
shaped and cylindrical conduc-
tors. a) The applied test mag-
netic field is assumed to be
in the form g

(0)
3 ẑ. b) The

applied test magnetic field is
assumed to be in the form
g
(2)
231 (2yzx̂ + 2xzŷ + 2xyẑ).
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Table 3.2. Imbalances induced by eddy currents in the gradiometers at the frequency of
100Hz

- 2nd order grad. 3rd order grad.
Imbalance disk cyl disk cyl

C
(0)
3 , [−] 1 · 10−3 1 · 10−3 1 · 10−3 1 · 10−3

C
(1)
11 ,C

(1)
22 , [m] 1 · 10−4 2 · 10−4 1 · 10−4 1 · 10−4

C
(2)
311,C

(2)
223, [m

2] - - 2 · 10−5 3 · 10−5

The (non-zero) imbalance coefficients calculated for the second- and third- order
gradiometers are summarized in table 3.2. As expected, the imbalance coefficients of
those test magnetic fields that are related by a rotation around the z− axis are equal
because the gradiometer, the disk-shaped and the cylindrical conductors are invariant
to this rotation. The imbalance coefficients C

(1)
21 and C

(2)
321 equal zero.

From table 3.2 it follows that the maximum expected values of the imbalance
coefficients induced by the eddy currents in the gradiometers equal 2 · 10−3, 2 · 10−4m
and 5 · 10−5m2 for the zero-, first- and second- order imbalance, respectively.

3.3.3 Imbalances induced by the superconducting SQUID modules

In order to assess the accuracy of the FEM, the imbalance coefficients C
(0)
1 , C

(0)
2

and C
(0)
3 of the third-order gradiometer due to a spherically shaped superconductor

(figure 3.2a) are evaluated using both the FEM and analytical expressions for the
magnetic field that are available in (Kochin et al., 1964). The radius of the sphere
is assumed to be equal to that of cylindrical SQUID module (RS = 5mm). The

results are presented in figure 3.5. The imbalance C
(0)
1 equals zero as the spherical

superconductor is located on the y− axis. The imbalance C
(0)
1 calculated using the

FEM (see figure 3.5) reflects the magnitude of the numerical errors. From figure 3.5
it follows that the parameters of the FEM are adjusted well enough to calculate
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10-6

10-5

10-4

10-3

Separation [m]
0.1 0.14 0.18 0.22

C
(0)
3

C
(0)
2

C
(0)
1

; FEM

; FEM

; FEM

Analytical solutions

Figure 3.5. Imbalances of the
symmetric third-order gradiome-
ter due to a spherically-shaped
superconductor (figure 3.2a) ver-
sus the separation between the
top turn of the gradiometer and
the superconductor. The so-
lutions obtained using FEM as
well as solutions obtained us-
ing the analytical expression for
the scalar magnetic potential are
shown.
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Figure 3.6. Imbalances of the
symmetric third-order gradiome-
ter due to a single cylindri-
cally shaped SQUID module (fig-
ure 3.2b). Only non-zero imbal-
ance coefficients are shown.

imbalance coefficients as small as 10−6 with adequate precision. Similar results are
obtained for the second-order gradiometer.

The imbalance coefficients of the third-order gradiometer induced by a single cylin-
drical SQUID module are shown in figure 3.6. Similar to the case of the spherical
superconductor, only the imbalance coefficients corresponding to test magnetic fields
that have significant y− or z− components in the volume occupied by the SQUID
module have a significant magnitude. The imbalance coefficients that have magni-
tudes of the order of the numerical errors of the FEM (< 10−6, see figure 3.5) are not
shown in figure 3.6.

The imbalance coefficients of the third-order gradiometer induced by twelve cylin-
drical SQUID modules (figure 3.2) are shown in figure 3.7. The separation between
the top turn of the gradiometer and the twelve SQUID modules equals 0.201m in
the FHARMON demonstrator. From figure 3.7, it follows that the expected zero-,
first- and second- order imbalance coefficients induced by the SQUID modules of the
FHARMON demonstrator equal 10−4, 5 · 10−5m and 2 · 10−5m2, respectively.

0.04 0.08
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10-4
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0.12 0.14 0.18
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(1)
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(1)
22;

C
(2)
311 C

(2)
322;

Figure 3.7. Imbalances of the
symmetric third-order gradiome-
ter due to twelve cylindrically
shaped SQUID modules (fig-
ure 3.2c). Only non-zero imbal-
ance coefficients are shown.
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3.4 Conclusion

Methods are presented to evaluate imbalance coefficients of arbitrary shaped gra-
diometers due to (i) imperfections in geometry of the gradiometer, (ii) eddy currents
induced in the radiofrequency interference shield, and (iii) the screening effect in the
superconducting SQUID modules. The methods are applied to estimate the maximum
expected imbalance coefficients of second- and third- order axial gradiometers of the
FHARMON measuring system. Assuming a manufacturing accuracy of 0.1mm it was
calculated that the maximum expected values of zero-, first- and second- order imbal-
ance coefficients due to mechanical imperfections equal 2 · 10−2, 10−3m and 10−4m2,
respectively. The five largest imbalances are: C

(0)
1 , C

(0)
2 , C

(0)
3 , C

(1)
11 , C

(1)
22 (see figure 3.3).

The imbalance coefficients induced by eddy currents equal 2·10−3, 2·10−4m, 5·10−5m2

and by screening currents 10−4, 5 ·10−5m, 2 ·10−5m2. It was concluded that mechani-
cal imperfections are the main source of imbalance. Furthermore, it is found that the
imbalance coefficients C

(1)
21 and C

(2)
321 are negligible in the axial symmetric second- and

third- order gradiometers. Consequently, the corresponding reference channels can be
omitted from the measuring system.
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Chapter 4

Design of the characterization coil set

4.1 Introduction

As discussed in chapter 3, eight test magnetic fields are required for the balancing of
the gradiometer designed in chapter 2. These test magnetic fields are listed in the
first eight rows of table 3.1. In this chapter, the design of a characterization coil set
that can produce the eight test magnetic fields is discussed. The coil set can establish
a field uniformity of 25ppm in a volume occupied by the gradiometer, provided the
construction is realized with 0.1mm accuracy.

The characterization coil set can be built using two types of magnetic-field and
gradient coils (Turner, 1993): coils with discrete windings and coils with distributed
windings (see figure 4.1). The well-known Helmholtz coil set is an example of a coil
set with discrete windings (figure 4.1a). The two field-producing coils that form the
Helmholtz set are located parallel to each other and have circular shape. The currents
in the two coils flow in the same direction. This arrangement of currents eliminates
all odd-order derivatives of the magnetic field in the center of the coil set. The separa-
tion between the coils and the radii of the coils are chosen such that the second-order
derivatives of the magnetic field also vanish. Consequently, the homogeneity of the
magnetic field in axial direction improves. This approach to coil design can be gen-
eralized: firstly, the directions of the currents in the coils are defined to produce the
desired magnetic field profile, and secondly, the geometry parameters of the coils are
chosen such, that particular terms of the series expansion of the magnetic field are
eliminated homogenizing the magnetic field profile. This general approach is used to
design square coil sets for generating uniform magnetic fields (Merritt et al., 1993;
Rubens, 1945), a Maxwell coil set for generating first-order longitudinal gradients,
trapezoidal coils for generating first-order transversal gradients (Bangert and Mans-
field, 1982), and shim coils for generating various magnetic-field gradients (Anderson,
1961).

A number of techniques for designing distributed-winding coils has been reported
in literature (Morrone, 1998), (Fisher et al., 1997), (Turner, 1986). The majority
of these techniques consists of two steps. In the first step, a continuous current
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a) b)

c)

R

R

Figure 4.1. a) An example of
coils with discrete windings: the
Helmholtz coil set. b,c) Ex-
amples of distributed windings
coils. A distributed winding coil
approximates a two dimensional
current density. The current den-
sity is designed to generate a spe-
cific profile of magnetic field.

density is computed to generate the required magnetic-field profile. Similar to discrete-
winding coils, the current density is designed to zero particular terms of a series
expansion of the magnetic field shaping its profile (Morrone, 1998). In the target field
approach (Turner, 1986), the continuous current density is found by calculating a
spatial Fourier Transform of the specific magnetic-field profile. In the second step, the
continuous current density is approximated by a set of distributed windings connected
in series. As an alternative to this two-step design procedure, the distributed windings
can be assumed to have a predetermined shape and their geometrical parameters and
positions can be calculated using a genetic optimization procedure (Fisher et al.,
1997).

A sketch of the coil set is given in figure 4.2. The distributed winding coils are
made by etching square printed circuit boards (PCBs) that have outer dimensions
of 0.5m × 0.5m. The PCBs are positioned in layers around the origin. Each layer
comprises four or eight PCB coils. Each set of two layers that are located equidistantly
from the origin is used to produce one or two magnetic fields. The construction
requires 64 PCB coils that share eight different etching patterns. On average, one
magnetic field profile requires eight PCBs. Both, the width of the coil set as well as
its length are 1.5m (see figure 4.2). These dimensions are limited by the maximal
size of PCBs readily available from PCB manufacturers. The height of the coil set
measures 2m and is limited by the height of the ceiling in the laboratory.

In this chapter, the basis vectors are denoted as ê1, ê2, and ê3. The corresponding
coordinates will be indicated as a1, a2, and a3, respectively.
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Figure 4.2. Schematic drawing of the characterization coil set. Distributed-winding coils
are made by etching square printed circuit boards (PCBs). The PCBs are organized around
the origin in ten layers. Pairs of layers that are located symmetrically in relation to the
origin are used to produce one or two magnetic-field profiles. The locations of the PCBs
within a layer are labeled by A and B (see top view).

4.2 Requirements for the coil set

4.2.1 Required homogeneity of test magnetic fields

Inhomogeneity of the test magnetic fields causes errors in measured imbalance co-
efficients affecting the outcome of the balancing procedure. In this subsection, the
homogeneity that is required to balance the FHARMON system gradiometer is es-
timated. In chapter 3 it was concluded that mechanical imperfections are the main
source of imbalance. In this section, it is presumed that the gradiometer is only af-
fected by the imbalances due to mechanical imperfections of the gradiometer. The
possible eddy and screening current effects are neglected. For the purpose of this
investigation the inhomogeneity of B0 in a volume V is defined as

H(n) ≡ max

∣∣∣∣Br −Bi

Br

∣∣∣∣ (4.1)

where Br and Bi are the values of B0 measured at the location of the corresponding
reference channels and the i − th point in the volume V , respectively. In order to
measure an imbalance coefficient accurately, the maximum allowed inhomogeneity
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has to satisfy the following condition:

H(n) ≤
C

(n)
Q

C
(n)
I

(4.2)

where C
(n)
I and C

(n)
Q are the initial and required imbalance coefficients (that is, before

and after balancing, respectively). The required imbalance coefficients of the third-

order gradiometer C
(0)
Q = 5 · 10−7, C

(1)
Q = 6 · 10−6m are calculated using equations

presented in (Vrba, 1996) and assuming a system noise of 1fT ·Hz−1/2. The maximum
expected initial imbalance coefficients due to imperfections in the geometry of the
third-order gradiometer are evaluated in chapter 3 as C

(0)
I = 2 ·10−2, C

(1)
I = 1 ·10−3m.

Consequently, the inhomogeneity limits are expressed as

H(0) ≤ 2.5 · 10−5; H(1) ≤ 6 · 10−3 (4.3)

where H(0) and H(1) are the inhomogeneities of the uniform magnetic fields and the
first- order gradients, respectively.

A gradiometer is sensitive to higher-order gradients of the magnetic field. For the
sake of simplicity, it is assumed that a third-order gradiometer is only sensitive to
the third- order gradient. Therefore when detecting the n− th order imbalance (with
n = 0 or n = 1), the signal due to the third-order gradient should be smaller than the
n− th order imbalance signal

g(n)C
(n)
Q ≥ g(3)C(3) (4.4)

where g denotes the magnetic-field gradient. However, the last requirement can be
relaxed if the signal due to the ideal gradiometer can be predicted by measuring third-
order longitudinal gradient of the test magnetic field. That is, the deviation of the
measured signal from the calculated one can be used for imbalance evaluation.

4.2.2 Required coil factor

The term coil factor is defined as the magnitude of a magnetic field or a gradient per
unit of current in the coil set. As discussed in the following sections, the homogeneity
of the test magnetic fields is increased by cancelling higher-order spatial gradients.
This cancellation is achieved by arranging the turns of the coils such, that different
fractions of the coil carry currents in opposite directions. This, however, decreases
the coil factor. For this reason, a trade-off has to be made between the homogeneity
and the coil factor. Thus, it is necessary to estimate the minimal allowed coil factor
since in that case maximum uniformity of test magnetic fields is achieved. Assuming
the intrinsic noise of the measuring system of 1fT ·Hz−1/2, a detection time of 120sec
and a desired signal-to-noise ratio of 10 minimum allowed coil factors are estimated
as 0.1µT

A
and 0.1 µT

A·m for zero- and first- order gradients, respectively. In the design,
an additional factor of 10 in these coil factors is assumed as a margin of safety.
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Table 4.1. Possible symmetrical arrangements of the current density.
J1(a1)

∗ J1(a2)
∗ J1(a3), non-zero linearly independent

J2(a3) gradients

1 E O E g
(0)
3 , g

(2)
311, g

(2)
322

2 O O E g
(1)
32 , g

(3)
3211, g

(3)
3222

3 E E E g
(1)
31 , g

(3)
3111, g

(3)
3221

4 O E E g
(2)
321

5 E O O g
(1)
11 , g

(1)
22 , g

(3)
1111, g

(3)
2211, g

(3)
2222

6 O O O g
(0)
2 , g

(0)
211, g

(0)
222

7 E E O g
(0)
1 , g

(0)
111, g

(0)
221

8 O E O g
(1)
21 , g

(3)
2111, g

(3)
2221

∗ symmetry of J2 is opposite to that of J1

E:even; O: odd.

4.3 Design

4.3.1 Symmetry of current density

A vector field is considered to be symmetric if all its components have even (f(x) =
f(−x)) or odd (f(x) = −f(−x)) symmetry with respect to all spatial coordinates.
All required magnetic fields are symmetric. Presumably, the current densities that
produce symmetric magnetic fields have to be symmetric as well. In this section, the
possible symmetric configurations of current density and the corresponding magnetic-
field profiles are discussed.

The source current density that produces one of the test magnetic fields is assumed
to be confined to two parallel planes that are located perpendicular to the a3− axis at
equal distances from the origin. The current density has two components J1 and J2

in the a1 and a2 directions, respectively. Each component is a function of the three
spatial coordinates a1, a2, a3 which can be either even or odd with respect to a spatial

coordinate. Because, the charge has to be conserved in each plane (
−→
∇ ·

−→
J = 0) the

following holds:

∂J1

∂a1

= −∂J2

∂a2

(4.5)

According to the last equation, the two components of the current density need to have
opposite symmetries with respect to coordinates a1 and a2. This reduces the number
of possible ways to configure the current density symmetrically around the origin to
eight. The possible symmetric configurations of the current density are numbered as
shown in table 4.1. In the table, the even and odd symmetries are denoted by ”E”
and ”O”, respectively.
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The magnetic field
−→
B produced by the current density

−→
J is described by the

Biot-Savart law

−→
B (−→r ) =

µ0

4π

∫ −→
J (−→r ′)× (−→r −−→r ′)

|−→r −−→r ′|3
dV ′ (4.6)

where −→r = (a1, a2, a3) gives the point in space where the magnetic field is calculated;
−→r ′ = (a′1, a

′
2, a

′
3) gives the coordinates of the source-current density; V ′ denotes the

volume occupied by the source-current density. By substituting (4.6) in (3.1) the
magnetic field gradients are expressed in the following form:

g
(n)
k0...kn

=

∫ ∫
J1P

(n)
k0...kn

da′1da′2 +

∫ ∫
J2T

(n)
k0...kn

da′1da′2 (4.7)

where J1P
(n)
k0...kn

and J2T
(n)
k0...kn

are symmetric functions. Note, that information on
the symmetry of the current density with respect to the a3− coordinate is embedded
in the functions P

(n)
k0...kn

and T
(n)
k0...kn

. Integration of an odd function over a symmetric
interval yields zero. The type of symmetry (either even or odd) of the functions under
the integrals in the last equation is analyzed by a computer for the eight possible
symmetries of the current density and linearly independent gradients of order n ≤ 10.
Table 4.1 lists the non-zero linearly independent gradients of order n ≤ 3. From these
results the following conclusions are drawn:
1) All required test magnetic fields (see the first eight columns in table 3.1) can be
generated by the planar configuration of the current density. The uniform magnetic
fields in the three orthogonal directions can be produced by configuring the current
density as indicated in rows 1, 6 and 7 of table 4.1. Similarly, the transversal first-order
gradients can be produced by configuring the current density as indicated in rows 2, 3
and 8 of table 4.1. The symmetry number 5 can be used to generate the longitudinal
gradients. However, all coils for generating longitudinal gradients in the form given
in the first and seventh columns of table 3.1 that were possible to design have a
relatively low homogeneity. Instead, coils are configured to generate the following
linear combinations of longitudinal first-order gradients:

−→
B

(1)
11 −

−→
B

(1)
22 = B0 (a1ê1 − a2ê2)−→

B
(1)
11 +

−→
B

(1)
22 = B0 (a1ê1 + a2ê2 − 2a3ê3) ;

(4.8)

2) The majority of the interfering higher-order gradients is cancelled by symmetric
configurations of the current density around the origin. In order to homogenize the
test magnetic fields even further, the higher-order gradients have to be cancelled by
designing a specific pattern of the current density in a single octant. There is no
need to consider the current density in all eight octants as these are determined by
symmetry. The higher-order gradients that need to be cancelled (n ≥ 2) are linear
combinations of the non-zero linear independent gradients (see the fifth column of the
table 4.1 for the non-zero linearly independent gradients of order n ≤ 3).
3) All symmetric configurations of the current density do not produce longitudinal
higher-order gradients, save for configurations number 1 and 5. Thus, in most cases,
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longitudinal higher-order gradients appear due to asymmetry of current density. Thus,
the validity of condition given in (4.4) is defined by misalignment of the PCB coils
and evaluated by Monte Carlo simulations.
4) It is beneficial to design etching patterns of the PCBs such, that the current density
pattern in each layer does not change after 90o rotation around the a3− axis. This is
an obvious choice for symmetries number 2, 3, 6, 7 as it allows to reduce the amount
of PCBs in positions A (see figure 4.2) by a factor of 2. In the case of the symmetry

number 5 it is a necessary choice as the magnitudes of the gradients g
(1)
11 and g

(1)
22

have to be equal (see (4.8)). In the case of the symmetries number 1, 5 and 8 this
choice reduces the amount of the linearly independent gradients to be considered. For
instance, in the case of symmetry nr. 1 the interfering gradients g

(2)
311 and g

(2)
322 are equal

in magnitude (as their indexes are related by swapping 1 and 2) if the current density
is invariant to the rotation. Thus, all second-order gradients in symmetry number 1
can be described by a single gradient g

(2)
311 which reduces the computational burden.

Moreover, the J1 and J2 components of the current density contribute equally to the
gradient g

(2)
311 if the current density pattern does not change after the rotation.

If symmetry holds, any pattern of current density on the surface of the PCB can be
used to generate the required test magnetic fields. For instance, two layers containing
sixteen identical coils can be used to generate all eight required test magnetic fields.
However, the homogeneities of these magnetic fields will not satisfy the requirements
discussed in section 4.2.1. In order to meet the homogeneity requirements the total set
is split into five independent coil sets that are dedicated to one or two test magnetic
fields. As discussed in section 4.3.3, the current densities on the surfaces of the PCBs
are optimized in order to increase the homogeneity.

4.3.2 Configurations of the PCBs

The PCB coils can be located: (i) in position A, (ii) in position B, or (iii) in both
positions A and B (see figure 4.2). First, the coils for these three configurations are
designed using the procedure discussed in the following sections. Second, the configu-
rations that provide magnetic fields with sufficient homogeneities and coil factors with
a minimal amount of PCBs are selected. The resultant configurations are discussed
below:
1) The first coil set produces the uniform magnetic field in the a3− direction. A single
layer of this coil set is shown in figure 4.3a. The currents in the PCBs of the second
layer of this coil set flow in the same direction.
2) The second coil set produces a transversal gradient of the form a1ê2 + a2ê1. A
single layer of this coil set is shown in figure 4.3b. The currents in the PCBs of the
second layer of this coil set flow in opposite direction.
3) The third coil set can produce uniform magnetic fields in the a1− and a2− direc-
tions. A single layer of this coil set consists of eight PCBs of which six are used to
generate a uniform magnetic field in the a1− direction (figure 4.3c) and six for the
uniform magnetic field in the a2− direction (figure 4.3d). In both cases, the PCBs
in position A are the same. Currents in the PCBs of the second layer of this coil set

Design of the characterization coil set 61



a) b)a)

c) d)

e1
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e) f)

Figure 4.3. Configurations
of PCBs that are used to
generate the test magnetic-
field profiles: a) B0ê3;
b) B0 (a1ê2 + a2ê1) c) B0ê1

or B0 (a3ê1 + a1ê3)(depends on
the direction of the current flow
in the corresponding layer),
d) B0ê2 or B0 (a3ê2 + a2ê3);
e) B0 (a1ê1 − a2ê2),
f) B0 (a1ê1 + a2ê2 − 2a3ê3; ).
Arrows on the PCBs represent
the direction of current flow.
Only the PCB coils in the upper
half-space are shown. The
arrangement of the PCB coils in
the lower half-space is the same.
The direction of the current
flow in the PCB coils in the
lower half-space is the same or
opposite to that of the PBC coils
in the upper half-space.

flow in opposite directions.
4) The fourth coil set produces transversal gradients of the form a3ê1 + a1ê3 and
a3ê2 + a2ê3. The configurations of the PCBs in one layer are the same as that of the
third coil set (figure 4.3c and d), but placed in a different axial position. The currents
in both layers of the fourth coil set flow in the same direction.
5) The fifth coil set produces longitudinal gradients of the form a1ê1 − a2ê2 and
a1ê1 + a2ê2 − 2a3ê3. The configurations of the PCBs and the current flows are shown
in figure 4.3e and f, respectively. The same PCBs in positions B are used in both
configurations. The currents in the PCBs of the second layer of this coil set flow in
directions opposite to those shown in figure 4.3e and f.

4.3.3 Current density on a single PCB

The current density on a single PCB is assumed to curl around a ”curl point” with
coordinates [C1, C2] following rectangular pathes (figure 4.4). The curl point is located
on the line L which is an axis of symmetry and has different orientation on the PCBs
in positions A and B (see figure 4.2). The exact location of the curl point on the
line L is subject to optimization. The lines that interconnect the curl point and the
corners of a PCB divide the PCB into four regions. The regions are labelled by digits
from 1 to 4. Each region is divided into 25 strips that are parallel to the boundaries of
the PCB. The current density is assumed to be homogeneous within each strip but its
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Figure 4.4. The surface of each PCB is partitioned in 100 strips. The current in each strip
flows in the direction parallel to the edges of the PCB. All currents in the PCBs curl around
a point with coordinates (C1, C2). a) A PCB to be installed in position B. b) A PCB to be
installed in position A. The point (C1, C2) is restricted to the axis of symmetry (line L) in
both cases. Digits 1 to 4 number the triangular-shaped regions of the PCB.

magnitude varies from strip to strip. The current density must be continuous across
the borders of the regions.

The current density in the first region is described by J1(x1) where x1 is the
coordinate axis that ranges from zero at the curl point to the maximum value at the
boundary of the PCB. When the current density J1(x1) is known, the current densities
in other regions can be calculated as

Ji(xi) = Ai · J1 (ki · xi) (4.9)

where Ai and ki are scaling factors that can be deduced from the position of the curl
point (see figure 4.4); i = 2, 3, 4 indexes the regions. Thus, the task of specifying
a two-dimensional current density is reduced to specifying a single one-dimensional
scalar function J1(x1).

Next, the optimization procedure for the four-PCBs configurations (e.g. fig-
ure 4.3a) is discussed. The optimization of the eight-PBCs configurations (e.g. fig-
ure 4.3c and d) is similar. An equation for the magnetic field produced by the trape-
zoidal strip carrying a uniform current density is available in (Pissanetzky and Xiang,
1990). By differentiating this equation, expressions for non-zero linearly independent
gradients are obtained. These expressions are evaluated numerically to find the mag-
nitudes of an ith linearly independent gradient produced by the jth strip carrying a
unitary current density in the first (fi,j) and the third (ti,j) regions, respectively. For
symmetry reasons discussed in section 4.3.1 the strips that carry current in directions
parallel to the a1-direction in the second and fourth regions are excluded from the
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calculation. Only the fractions of the strips that are located in the first octant are
considered. The linearly independent gradients produced by the fraction of PCBs
that are located in the first octant are expressed as

−→g = M · −→j (4.10)

where −→g is a vector composed of linearly independent gradients;
−→
j is a vector com-

posed of magnitudes of the current densities in individual strips in the first region;
M is a matrix with entries mi,j = fi,j + A3 · ti,j. The current densities in the strips of
the first region are found by applying the pseudoinverse M+

−→
j = M+−→g d (4.11)

where −→g d is a vector which reflects a desired gradient composition of the magnetic
field. The element of the vector −→g d which corresponds to the target magnetic field
(gradient) equals one. The other elements equal zero. The system of linear equa-
tions (4.10) is underdetermined. Thus, the solution (4.11) obtained by means of the
pseudoinverse stands for the minimum-norm solution, which in general provides the
maximum coil factor for a desired gradient composition of the magnetic field (i.e.
minimal current magnitude for the same field strength). By varying the specific gra-
dients represented in (4.10) and (4.11), a trade-off is made between coil factor and
inhomogeneity.

The optimal location of the curl point and the separation between the layers are
found by varying these two parameters independently within geometrically acceptable
limits. The solutions that provide the best homogeneity (inhomogeneity typically of
the order of 10−5) for the sufficient coil factor of 1µT

A
and 1 µT

A·m are selected. The
inhomogeneity is calculated within a cylindrical volume that can contain the third-
order gradiometer of the FHARMON system. The radius and the height of the
cylindrical volume measure 25mm and 225mm, respectively.

4.3.4 Approximation of the current density by discrete windings

The two-dimensional current density in the design is defined by a single one-dimensional
scalar function J1(x1). Thus, it is sufficient to define coordinates of discrete windings
in the first region along the x1-axis. The coordinates of the windings along the xi-axis
in other regions are calculated by employing the scaling coefficients ki (see (4.9)).
First, a so-called stream function is calculated in the first region as

U1(x1) =

∫
J1(x)dx. (4.12)

Second, a grid with uniformly distributed nodes on the U1-axis is defined (see fig-
ure 4.5). The projection of the grid on the x1-axis (dashed lines in figure 4.5) via the
U1(x1) curve defines the coordinates of the discrete windings. The offset of the grid in
relation to the x1-axis is adjusted to find the best fit of the magnetic field produced by
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x1

J1

U1

Coordinates of discrete windings
Figure 4.5. Approximation of a
current density J1 by discrete
windings. Integration of J1 re-
sults in U1. A grid with equally
distributed nodes is projected on
the x1-axis via the U1 curve. The
projections indicated by the ar-
rows shows the coordinates of the
discrete windings.

the distributed winding coils to that produced by the corresponding two-dimensional
current density.

An example of the PCB etching pattern is shown in figure 4.6. The PCBs with this
etching pattern are to be installed in position B of the coil set that produces uniform
magnetic fields in the a1 and a2 directions. The distributed windings are combined
in four clusters. The direction of the current in neighboring clusters is opposite.
The crossing line links individual windings. Each PCB is etched on both sides. The
etching patterns on the two sides are related by mirroring (see figures 4.6 b,c). A
feed-through connects the two individual coils on the two sides of the PCB in series
such that the coils carry currents in the same direction. The currents in the lines that
interconnect the individual windings on the two layers of the PCB flow in opposite
directions. The width of the copper strips and the minimal separation between the
strips equal 200µm. The main parameters of the coil set are presented in table 4.2.
The inhomogeneity in table 4.2 is calculated employing (4.1).

a)

c)

b)

Connection to a
current source

J

J

Figure 4.6. a) An example of an
etching pattern of a PCB. The
crossing line interconnects the in-
dividual windings. The two sides
of the PCB have etching pat-
terns that are related by mirror-
ing. b) Detailed view of the inter-
connections between the individ-
ual windings on the top surface of
the PCB. c) Detailed view of the
interconnections between the in-
dividual windings on the bottom
surface of the PCB.
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Table 4.2. The main parameters of the characterization coil set. Manufacturing errors are
neglected.

Field Separation Coil factor Inhomogeneity
[m] [µT/A], [µT/(A ·m)]

−→
B

(0)
1 ,

−→
B

(0)
2 1.08 2.6 4.1 · 10−6

−→
B

(0)
3 1.682 2.8 4 · 10−6

−→
B

(1)
21 1.24 2.3 7.9 · 10−6

−→
B

(1)
31 ,

−→
B

(1)
32 1.32 1.4 1.1 · 10−5

−→
B

(1)
11 −

−→
B

(1)
22 0.756 1.6 4 · 10−5

−→
B

(1)
11 +

−→
B

(1)
22 0.756 1.6 1.9 · 10−5

4.4 Effect of misalignment of the setup

In this section, the dependence of the homogeneity of the test magnetic fields on the
misalignment of the PCB coils is assessed by means of Monte Carlo simulations. A
model of the coil set is made where each PCB is represented by its etching pattern.
To simplify the computation, the copper strips that form the PCB etching patterns
are modelled by infinitely-thin line conductors. An equation for the magnetic field
produced by an infinitely-thin finite-length line conductor is available in (Ditterich
and Eggert, 2001). In each run of the Monte Carlo simulations the position −→a j of the
jth PCB is modified according to

−→a j = (−→a j)0 +
−→
δ j (4.13)

where (−→a j)0 is the design value of the position and the components of
−→
δ j are zero-

mean normally distributed random variables. The standard deviation of the com-

ponents of
−→
δ j varies between 10µm and 1000µm. In what follows, the standard

deviation of these components is referred to as the manufacturing tolerance or simply
the tolerance.

1E-5 1E-4 1E-3

1E-5

1E-4

1E-3

Tolerance [m]

B(0)
1, B(0)

2

B(0)
3

B(1)
21

B(1)
31, B(1)

32

B(1)
11-B

(1)
22

B(1)
11+B(1)

22

Figure 4.7. Expected inhomo-
geneity of the test magnetic fields
produced by the coil set as a
function of tolerance. The re-
quired inhomogeneity is given
in (4.3). The symbols represent
the calculated values; the lines
are linear interpolations.
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Figure 4.8. Expected
interference-to-signal ratio
(ISR). The interference is the
net magnetic flux through the
ideal third-order gradiometer;
signal is the magnetic flux due
to required (minimal) imbalance
coefficient. The values of ISR
less than one are considered to
be acceptable.

In the simulations related to the evaluation of the inhomogeneity requirements (4.3),
the gradiometer is represented by a set of 120 points on the surface of the cylinder
with a height of 225mm and a radius of 0.025m. The inhomogeneity on the surface
of the cylinder is calculated by employing (4.1). Here, the parameter Br in (4.1) is
interpreted as the magnitude of the magnetic field or gradient in the origin. The
inhomogeneity inside the cylinder is expected to be less than that on the boundary
of the cylinder as the magnetic fields and the first order gradients are harmonic func-
tions. Subsequently, the values of inhomogeneity on the surface of the cylinder that
correspond to different runs of the Monte Carlo simulations are averaged. The result
is shown in figure 4.7 as a function of the tolerance. From figure 4.7 it follows that
the coil set produces first- order gradients with an inhomogeneity that is better than
required 6 · 10−3 (see(4.3)) even if the coil set is assembled with a tolerance of 1mm.
However, in order to achieve the required inhomogeneity of the uniform magnetic
fields (i.e. 2.5 · 10−5), a tolerance better than 0.1mm is necessary.

The condition given in (4.4) is assessed by calculating an interference-to-signal
ratio (ISR). The net magnetic flux through the third- order ideal gradiometer is
interpreted as interference. The magnetic flux due to the required (minimal, after
balancing) imbalance coefficient is interpreted as signal. Values of the ISR that are
less than one are considered to be acceptable. The averaged ISR calculated for the
third- order gradiometer are shown in figure 4.8. From figure 4.8 one can conclude
that the tolerance of 0.1mm is sufficient for the first- order gradients. However, in the
case of the uniform magnetic fields, the ISR is expected to be 10−20 times higher than
acceptable even if the coil set is assembled with a tolerance of 0.1mm. Consequently,
the corresponding magnetic flux imbalance coefficients can be balanced to the level of
5 · 10−6 − 10−5. However, as discussed in section 4.2.1 the imbalance coefficients can
be reduced to the required level of 5 · 10−7 if the net magnetic flux through the ideal
gradiometer is predicted with a relative error of 5% − 10% by measuring the spatial
distributions of the uniform magnetic fields.
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4.5 Conclusion

A compact set of planar coils for generating high-uniformity zero- and first- order
gradients is designed. The coil set is composed of 64 distributed windings coils that
are manufactured by etching printed circuit boards (PCBs) with outer dimensions of
0.5m× 0.5m. The outer dimensions of the coil set are 1.5m× 1.5m× 2m. Assembled
without manufacturing errors, the coil set generates zero- and first- order gradients
with inhomogeneity of order of 10−5 in a cylindrical volume with a radius of 25mm
and height of 225mm. The results of Monte Carlo simulations suggest that the coil
set needs to be assembled with a tolerance of 0.1mm.
Optimization of the homogeneity of the test magnetic fields is performed by cancelling
the higher-order interfering gradients of magnetic fields. The cancellation is achieved
by configuring the PCB coils such that different fractions of the coils carry currents
in opposite directions. An obvious drawback of this approach is a relatively low
(though still sufficient) coil factor of the coil set. Alternative approaches to increase
the homogeneity of the test magnetic fields would require an increase of the dimensions
of the coil set or an increase of the amount of coils (see (Merritt et al., 1993) for an
example of such an approach).
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Chapter 5

Gradiometer balancing

5.1 Introduction

This chapter describes the experiments that aim at balancing of the third-order gra-
diometer of the FHARMON system by means of the characterization coil set. The
designs of the gradiometer and the characterization coil set are described in chap-
ters 2 and 4, respectively. The outcome of the gradiometer balancing is a set of
filters in the reference channels (denoted as F1...F8 in figure 1.9) which ensures a zero
response of the gradiometer to all applied test magnetic fields.

The simulations described in chapter 3 suggest that the five largest expected imbal-
ance coefficients of the FHARMON system gradiometer are: C

(0)
1 , C

(0)
2 , C

(0)
3 , C

(1)
11 , C

(1)
22

(see figure 3.3). For this reason, the characterization coil set was equipped with
the three layers of PCB coils to enable five test magnetic fields that correspond
to the five largest expected imbalance coefficients: B0x̂, B0ŷ, B0ẑ, B0 (xx̂− yŷ),
B0 (xx̂ + yŷ − 2zẑ). Accordingly, the gradiometer of the FHARMON system was
equipped with five corresponding reference channels: Bx, By, Bz, dBx/dx, dBy/dy.

The accuracy of the gradiometer balancing appeared to be limited by two main
factors:

• Inhomogeneity of the test magnetic fields,

• Drift of the flux-to-voltage transfers of the setup.

The requirements for the homogeneity of the test magnetic fields are discussed in
chapter 4. The results of the Monte Carlo simulations suggest that the characteri-
zation coil set needs to be assembled with a tolerance of 0.1mm in order to achieve
adequate homogeneity of the test magnetic fields. For this reason, special attention
has been paid to the accuracy of the positioning of the PCB coils during design and
manufacturing of the coil support. The mechanical construction of the characteriza-
tion coil set is discussed in section 5.2. In order to assess the accuracy with which
the characterization coil set was implemented, the homogeneities of the three uniform
test magnetic fields generated by the coil set were measured by means of a fluxgate
magnetometer. The construction of the fluxgate-magnetometer based setup and the
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Figure 5.1. Apparatus for PCB
coils reinforcement. The grooves
on the aluminum plate are con-
nected to an air pump. A PCB
coil is sucked against the alu-
minium plate. A piece of foam
material is glued between the
coil and a dummy PCB. The
coil remains sucked against the
aluminum plate until the glue
is hardened. Two aluminum
plates were used simultaneously
to speed up the gluing process.

homogeneity measurements are described in section 5.3. Measurements of the initial
imbalance coefficients as well as the gradiometer balancing experiments are described
in section 5.4.

The drift of the flux-to-voltage transfer of the SQUID-based setup deteriorates the
accuracy of balancing. In general, the flux-to-voltage transfer of the setup can have a
significant drift within the timeframe of the balancing experiment. In the balancing
experiments discussed in this chapter, the drift of the flux-to-voltage transfer of the
setup was monitored in situ during the balancing experiments. The measured drift,
which is the major limit of the accuracy of the balancing procedure is discussed in
section 5.4 as well.

5.2 Mechanical construction of the coil set

5.2.1 PCB coils

The PCB coils were reinforced by foam material in order to prevent them from bend-
ing. The apparatus that was used for the reinforcement is shown in figure 5.1. The
apparatus consists of two main parts: an aluminum plate and an air pump. The
grooves on the surface of the aluminum plate are connected to the air pump. A PCB
coil is sucked against the aluminum plate and thus takes the flatness of the aluminum
plate. A piece of foam material is glued between the coil and a dummy PCB. The
main function of the dummy PCB is to compensate deformations of the coil due to
changes in the ambient humidity. The coil remains sucked against the aluminum plate
until glue is hardened. Two aluminum plates were used simultaneously to speed up
the gluing process.

5.2.2 Coil support

The characterization coil set is shown in figure 5.2. The coil support consists of a
massive central pillar in the center of the construction and twelve columns on the

70 Chapter 5



Figure 5.2. Characterization
coil set and cryostat containing
the gradiometer. During gra-
diometer balancing the cryostat
is slid into the central pillar of
the characterization coil set.

periphery. The PCB coils are laying on the working facets of blocks that are firmly
attached to the central pillar and to the columns. In order to achieve a high precision
of distances between the PCB coils, the working facets have been processed by a single
run of a milling machine with the blocks being firmly attached to the elements of the
coil support. Each corner of the central pillar and the columns are equipped with
thread mechanisms. The thread mechanisms provide a facility to adjust the vertical
position of each individual corner of the central pillar and the vertical positions of
the columns. The relative vertical position of the adjacent elements of the supporting
structure is controlled by employing a bubble level and an iron bar as shown in
figure 5.3. The spread of the elevations of the adjacent elements of the supporting
structure was measured to be within 0.15mm. The lateral displacements of the PCB
coils in a single layer relatively to each other are restricted by clipping the coils
together. The relative lateral displacements of the individual layers of coils is regulated
by employing a bubble level in a similar way as shown in figure 5.3. The cryostat
with the gradiometer is supported by rails (see figure 5.2). The rails do not load the
support structure of the coil set. During the balancing experiment the cryostat is
located inside the central pillar. To slide the cryostat into the central pillar, the PCB
coils on the way of the cryostat into the central pillar are temporarilly removed.
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iron bar

bubble level

Figure 5.3. Iron bar and bubble
level that were used to adjust the
height of individual elements of
the coil support.

5.3 Characterization of the test magnetic fields produced
by the coil set

5.3.1 Setup based on a fluxgate magnetometer

A setup based on a fluxgate magnetometer was constructed in order to assess the
homogeneity of the test magnetic fields produced by the coil set. The setup provides
a facility to measure three orthogonal components of the magnetic field at points
distributed along the vertical axis above and below the center of the coil set. As the
magnetic field measurements at the successive spatial points are separated in time by
several minutes that are needed for signal averaging and repositioning of the fluxgate
magnetometer, special attention was paid to the stability of the setup in time.

A scheme of the setup is shown in figure 5.4. The counter produces two syn-
chronous signals: a test signal (31.25Hz) and a reference signal (4kHz) which ex-
ternally synchronizes the data acquisition card (DAQ). The DAQ samples the data
in four input channels with a sampling frequency of 1kHz in each channel. By ap-
plication of this synchronization scheme, the time scale of the data acquired by the
DAQ is synchronized with the test signal such, that each period of the signal acquired
consists of 32 data samples exactly. The characterization coil set is connected to the
current source via a 100Ohm resistor. The resistor has a temperature coefficient of
0.01ppm/Co. The three-channel fluxgate magnetometer (MAG03, Bargtington) mea-
sures the three orthogonal components of magnetic field. DC offsets due to magnetic
field of the earth at the outputs of the fluxgate magnetometer are compensated using
three DC voltage sources. No analog filtering is applied in the signal lines between the
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Figure 5.4. A schematic drawing of the setup for evaluation of homogeneity of the magnetic
fields produced by the coil set. The instability of the current flowing through the coil set
is compensated by measuring the voltage across a resistor with a temperature coefficient of
0.01ppm/oC. The sampling frequency of the data acquisition card (DAQ) is synchronous
with the current in the coil set.

fluxgate magnetometer and the DAQ to avoid random variations of the signals due
to relatively large temperature coefficients of capacitors. Variations of the recorded
signals due to instability of the current source were compensated by employing volt-
age measured on the 100Ohm resister. Subsequently, the compensated signals were
truncated to an integer number of periods and averaged.

Two series of two hundreds successive measurements of the magnetic field were
acquired in order to assess the stability of the measuring setup in time. During these
measurements, the fluxgate magnetometer was fixed at the center of the coil set. The
changes of the recorded signals with respect to the first signal of a series are shown
in figure 5.5. The first series of the measurements shows an exponent-like instability
which is most likely associated with heating-up of the measurement setup. The second
series of the measurements shows that the setup reaches stability of 10− 20ppm after
a few hours of operation.

5.3.2 Homogeneity of uniform magnetic fields

The three orthogonal components of the magnetic fields produced by the three uniform
magnetic field coils were measured by employing the fluxgate magnetometer based
setup described in the previous section. In order to exclude the influence of possible
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Figure 5.5. Two successive se-
ries of magnetic field measure-
ments made by using the setup
of figure 5.4. The fluxgate mag-
netometer was fixed in one point
in space. The first series of mea-
surements was made just after
the setup was switched on. The
second series of measurement was
made thirteen hours later. The
experiment shows that the setup
reaches stability of order of 10−
20ppm after thirteen hours of op-
eration.

rotation and tilt of the fluxgate magnetometer, the magnitudes of the magnetic fields
R =

√
B2

x + B2
y + B2

z were considered rather than magnetic field components. The
inhomogeneities of the magnetic fields produced by the three uniform magnetic field
coils were estimated as

H =

∣∣∣∣Ri −R0

R0

∣∣∣∣ (5.1)

where Ri is the magnitude of the magnetic field measured at the i−th point and R0 is
the magnitude of the magnetic field measured at the center of the coil set. However,
the vertical coordinate of the center of the coil set is known only approximately. In
order to specify this center more accurately the measured magnetic fields were fitted
into the simulated magnetic fields within a segment (centered approximately 0.3m
above the center) where magnetic fields are defined by higher order gradients. During
balancing, the center of the gradiometer is located in the center of the characterization
coil set. The length of the gradiometer of the FHARMON demonstrator system is
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1E-6

1E-5

1E-4

1E-3

0.01

0.1

z [m]

Bx
By
Bz

gradiometer

Figure 5.6. Measured inhomo-
geneity of three uniform mag-
netic fields produced by the char-
acterization coil set.
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Figure 5.7. A schematic drawing of the setup for gradiometer balancing. All signals are
synchronized with the sampling rate of the data acquisition card (DAQ).

0.225m. Thus, the maximal inhomogeneity of the magnetic fields is measured at coor-
dinates z = ±0.1125m (see figure 5.6). From figure 5.6 the maximal inhomogeneities
of the uniform magnetic fields follow as: Hx = 3 · 10−4, Hy = 4 · 10−4, Hz = 10−4.
These values of inhomogeneity are approximately ten times higher (worse) than re-
quired (see (4.3)). The most likely reason for the excessive inhomogeneity is the
precision of the assembling of the characterization coil set. Comparing these results
with the results of the Monte Carlo simulations presented in figure 4.7, a conclusion
can be made that the coil set is assembled with a precision of 0.5− 1mm. From fig-
ure 5.6 it also follows that the Bz-magnetic field coils establish field uniformity better
than 2 · 10−5 in the region between z = −0.2m and z = 0.05m. The measurements
in this region are limited by stability of the measuring setup (see figure 5.5). This
result implies that it is feasible to reach inhomogeneity of order of 10−5 by employing
a characterization coils designed following the chosen approach.

5.4 Gradiometer balancing

5.4.1 Setup for gradiometer balancing

A scheme of the setup that was used in the gradiometer balancing experiments is
shown in figure 5.7. The ”counter and DAQ” block consists of two data acquisition
cards configured as shown in figure 5.4. All test signals generated by the setup are
synchronized with the sampling rate of the data acquisition card such, that all recorded
test signals have an integer number of samples per period. This synchronization
scheme allows an accurate signal detection.

Gradiometer balancing 75



0 1 2 3 4 5
1E-5

1E-4

1E-3

0.01

Time [h]

Figure 5.8. Compensation fac-
tor as a function of time. The
test signal recorded by the gra-
diometer is compensated by the
test signal recorded by the Bz
reference at time t = 0. As time
progresses, field-to-voltage trans-
fers of the gradiometer and refer-
ence channels change resulting in
a compensation factor deteriora-
tion.

Drift of the transfer of the SQUID- and data-acquisition systems is one of the
limiting factors of the gradiometer balancing. In order to assess the stability of the
setup in time a system of source coils was introduced into the gradiometer. These coils
were distributed along the length of the gradiometer such that the signals recorded
in all channels had roughly the same order of magnitude. In figure 5.7 these source
coils are denoted by a single coil below the gradiometer. A series of 155 successive
measurements was made. In the first record of the series, the test signal recorded
by the gradiometer was compensated by the test signal that was recorded in the Bz
reference. The magnitude and phase of the test signal recorded in the Bz reference
were adjusted to be equal to the magnitude and phase of the test signal recorded by
the gradiometer. A compensation factor of 9 ·10−5 was achieved. The magnitude and
phase adjustments of the Bz reference channel were kept constant during the whole
series of records. As time elapsed, field-to-voltage transfers of the channels changed
resulting in a deterioration of the compensation factor. In figure 5.8 the compensation
factor is shown as a function of time. Similar results were obtained when compensating
the test signal in the gradiometer channel by Bx and By references. It was concluded
that the setup can provide an accuracy of balancing of order of 1000ppm. Comparing
this value with the measured inhomogeneity of the rest magnetic fields (see figure 5.6)
a conclusion can be made that the drift of the flux-to-voltage transfer is the main factor
that limits the accuracy in the gradiometer balancing.

5.4.2 Initial imbalance coefficients

The initial imbalance coefficients of the second order gradiometers of the FHARMON
system were measured at a frequency of 31.25Hz. In this experiment, the characteri-
zation coil set was equipped with coils designed for generating uniform magnetic fields
in x−, y−, z− directions and two first-order longitudinal gradients (see (4.8)). The
coils that produce transversal gradients were omitted from the setup. Instead, the
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Figure 5.9. Measured and simulated imbalance coefficients. Black circles represent the
imbalance coefficients measured at 31.5Hz. The rest of the data are simulated imbalance
coefficients (see chapter 3). a) Imbalance coefficients of the upper second-order gradiometer
(G1). b) Imbalance coefficients of the lower second-order gradiometer (G2). The error is
defined in section 3.2.3.

PCB coils designed for generating transversal uniform magnetic fields were intercon-
nected such that they generated transversal gradients. In this case, the homogeneity
of the transversal gradients is worse than that of the dedicated coil set but is sufficient
for imbalance measurements. As discussed in chapter 4, the homogeneity of the test
magnetic fields defines the relative accuracy of the imbalance measurements. For this
reason, a coil producing transversal first order gradients with an inhomegeneity as
high as 0.1 can be used to measure imbalance coefficients with an adequate accuracy
(however, this accuracy may be not adequate for balancing). Moreover, the current
density with a symmetry suitable for generating the transversal gradients induces
zero net magnetic flux in an ideal second order gradiometer. For this reason, the ISR
parameter (see chapter 4) is expected to be adequate as well. A confirmation of a low

ISR can be made by observing that the imbalance C
(1)
21 was measured at the level of

2.7 · 10−6 (see table 5.1). The measured imbalance coefficients are shown in figure 5.9
together with the imbalance coefficients simulated in chapter 3. In the caption of the
figure and throughout the text the upper and the lower second-order gradiometers
are denoted as G1 and G2, respectively. The imbalance coefficients C

(0)
3 , C

(1)
11 and

C
(1)
22 are higher in the gradiometer G2. The frequency responses of the corresponding

balancing filters show a relatively weak dependence on frequency (as will be shown in
section 5.4.3), implying that the excessive imbalance coefficients are due to mechanical
imperfections of the gradiometer G2.

In both gradiometers, the difference between longitudinal imbalance coefficients
C

(1)
11 and C

(1)
22 is of order of 10−4m, implying that the first order longitudinal im-

balance can be reduced to 10−4m by employing only one reference dBz/dz. The

imbalance coefficient C
(1)
21 is negligible in both gradiometers for the reasons discussed

in chapter 3. The required imbalance coefficients, measured imbalance coefficients
and required improvements of the imbalance coefficients are summarized in table 5.1.
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Table 5.1. Required imbalance coefficients, initial imbalance coefficients and required im-
provement of the imbalance coefficients.

required initial required impro- initial required impro-
G1 (31.5Hz) vement G1 G2 (31.5Hz) vement G2

C
(0)
1 5 · 10−7 1.7 · 10−4 340 1.9 · 10−3 3800

C
(0)
2 5 · 10−7 6.3 · 10−4 1260 1.1 · 10−3 2200

C
(0)
3 5 · 10−7 2.3 · 10−3 4600 3.4 · 10−2 68000

C
(1)
11 6 · 10−6 1.6 · 10−3m 267 9.7 · 10−3m 1617

C
(1)
22 6 · 10−6 1.7 · 10−3m 283 9.9 · 10−3m 1650

C
(1)
31 6 · 10−6 5.7 · 10−5m 10 3.5 · 10−4m 58

C
(1)
32 6 · 10−6 1.8 · 10−4m 30 2.6 · 10−4m 43

C
(1)
21 6 · 10−6 4.9 · 10−6m - 2.7 · 10−6m -

If the requirements for the first order imbalance are relaxed by approximately a fac-
tor of ten, only longitudinal imbalances will require balancing. In this case, all the
first-order gradient references except of dBz/dz can be omitted from the setup.

From table 5.1 it follows that the imbalance C
(0)
3 of the gradiometer G2 requires

improvement by a factor of 68000. This implies that the required inhomogeneity of
the corresponding characterization coil needs to be at least 1/68000 = 1.5 · 10−5,
implying that, in general, an inhomogeneity of order of 10−5 can indeed be required
in the gradiometer balancing experiments.

In the previous section it was shown that the drift of field-to-voltage transfer of
the setup limits the accuracy of balancing to 1000 times. For this reason, the maximal
improvement of imbalance that can be achieved equals 1000. From table 5.1 it follows
that the factor of 1000 is not sufficient for half of imbalance coefficients.

5.4.3 Compensation of the imbalance coefficients

A scheme of the setup that was used in this experiment is shown in figure 5.7. Five
test magnetic fields were applied to the gradiometer: B0x̂, B0ŷ, B0ẑ, B0 (xx̂− yŷ),
B0 (xx̂ + yŷ − 2zẑ). The frequency of the test magnetic fields was varied linearly on
a logarithmic scale in a bandwidth of 1 − 125Hz. The signals of two second-order
gradiometers and five references (G1, G2, Bx, By, Bz, dBx/dx, dBz/dz) were recorded
for each test magnetic field and each iteration of frequency yielding a set of 155 signals.
The duration of each record was one minute. The recorded signals were corrected for
the skew (time delay between the channels imposed by the data acquisition card, see
www.ni.com for details) and downsampled to a sampling frequency of 250Hz. Next,
the magnitudes and phases of the signals were calculated by averaging. In three
records, the synchronization of the DAQ with the test signals was lost. These signals
were excluded from the computer routines responsible for signal detection. The gaps
were filled by interpolation. However, the balancing filters (see the discussion below),
were applied to the non-synchronously recorded signals to confirm that the quality of
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Figure 5.10. Frequency dependent balancing coefficients (balancing filters) calculated by
employing equation (5.2). a) Balancing coefficients of the upper second-order gradiometer
(G1). b) Balancing coefficients of the lower second-order gradiometer (G2).

the balancing is the same whether the recorded signal are synchronized with the time
sale of DAQ or not.

An analysis of the recorded signals showed that the reference channels are not
entirely orthogonal. For instance, the signals recorded by the Bx reference in presence
of g

(0)
1 x̂, g

(0)
1 ŷ and g

(0)
1 ẑ test magnetic fields are related as 1:0.63:0.36. Due to this

nonorthogonality all reference channels need to be used in order to balance a response
of one second order gradiometer to a single test magnetic field (or, in other words,
the matrix M in (5.2) is not diagonal). The balancing coefficients were calculated as:

~c = M−1~g (5.2)

where ~c is a column vector composed of balancing coefficients; entries of the matrix
M are complex numbers that represent magnitudes and phases of the signals recorded
in the reference channels; similarly, ~g is a column vector composed of magnitudes and
phases of the signals of one of the second-order gradiometers. A single component of
~c is a complex value that represents a frequency response of the corresponding bal-
ancing filter at a particular frequency. Equation 5.2 was evaluated for each variation
of the frequency of the test magnetic fields yielding frequency responses of the bal-
ancing filters. The frequency responses of the calculated balancing filters are shown
in figure 5.10. The frequency responses were interpolated and approximated by FIR
filters by employing the frequency sampling method of FIR filters design. In order
to minimize the approximation error, phases of the target frequency responses were
increased by 200 · 2f/fs · π; where fs = 250Hz is the sampling frequency.

As stated above, the goal of the balancing procedure is to find a set of balancing
coefficients (filters) for all reference channels such, that the sum of the signals of the
second-order gradiometer and that of the references equals zero for all applied test
magnetic fields in the frequency bandwidth of 1− 125Hz. Accordingly. the designed
balancing filters were applied to all recorded signals (155, see the beginning of this
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Figure 5.11. Averaged Power Spectral Densities (PSDs) of the signals of the second-order
gradiometers recorded in presence of three orthogonal uniform magnetic fields and two
longitudinal first-order gradients. The thin lines represent averaged PSDs of unbalanced
gradiometers. The thick lines represent averaged PSDs of balanced gradiometers. a) Av-
eraged PSDs of the upper second-order gradiometer (G1). b) Averaged PSDs of the lower
second-order gradiometer (G2).

section) resulting in a data set that corresponds to signals of balanced gradiometers.
Power Spectral Densities (PSDs) of all balanced second-order gradiometer signals were
calculated and averaged. Similarly, the averaged PSD of unbalanced second-order
gradiometer signals was calculated as well. The results are presented in figure 5.11.
The results suggest that the sensitivity of the gradiometer to the test magnetic fields
was suppressed to the level of the system noise, though some residuals of the test
signals can be observed in the balanced signal of the gradiometer G2.

5.5 Conclusion

The construction of the characterization coils is described. The high required accuracy
(< 0.1mm) of the relative positioning of the individual PCB coils was the main
challenge during the construction of the characterization coil set. The measured
relative displacements of the PCB coils in the vertical direction were within 0.15mm.
However, the inhomogeneity of the uniform magnetic fields was measured to be of the
order of 4 · 10−4. This level of inhomogeneity implies an accuracy of the construction
of the order of 0.5− 1mm. From this, it was concluded that the characterization coil
set requires more advanced control over the displacements of individual layers of the
PCB coils in relation to each other and over displacements of individual PCB coils
within the layers.

The drift of the flux-to-voltage transfer of the FHARMON gradiometer system
was measured to be of the order of 1000ppm. This relatively high drift of the system
is the main limiting factor of the accuracy of the gradiometer balancing.
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The analysis of the measured initial (before balancing) imbalance coefficients sug-
gests that the longitudinal first-order imbalance coefficients are the major contributors
to the first-order imbalance. If the requirements for the first-order imbalance are re-
laxed by a factor of ten, the gradiometer would require only four reference channels:
Bx, By, Bz, dBz/dz. The maximal measured imbalance coefficient equals 3.4 · 10−2.
Balancing this imbalance coefficient to the required level of 5 ·10−7 would require test
magnetic field with inhomogeneity of order of 1.5 · 10−5.

The balancing filters were implemented for the two second-order gradiometers of
the FHARMON system. The implemented balancing filters are capable of suppressing
the gradiometer signals that are induced by the test magnetic fields to the level of the
system noise. After these experiments, the gradiometer was placed into a cryocooler-
cooled measuring head. A larger research effort appeared to be required to get this
system cryogenically operating (Rijpma et al., 2008). For this reason, at the moment
of this writing no data were available with the gradiometer setup operating in a
magnetically noisy environment.
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Chapter 6

Eddy currents and thermal noise in
metallic discs

6.1 Introduction

Typically, a SQUID-based gradiometer is enclosed by a radio-frequency-interference
(RFI) shield as well as by a thermal shield made of aluminum-coated Mylar film
(superinsulation). Both, the RFI and thermal shields are conductive. The eddy-
currents induced in these shields disturb the environmental magnetic field causing
frequency dependent imbalance of the gradiometer. The thermal magnetic noise gen-
erated within the conducting shields couples to the gradiometer decreasing the reso-
lution of the measuring system. Methods of estimating the eddy-current and thermal
noise effects on the measuring system are required. Such methods were developed in
(Rijpma, 2002). In this chapter, these methods are reviewed and confirmed experi-
mentally. As discussed in chapter 3, a shield (ether RFI or thermal shield) can be
considered as a combination of disk- and cylindrically- shaped conductors electrically
isolated from each other. For simplicity reason, only magnetic disturbances caused
by the presence of a conducting disk are considered.

A time varying magnetic field induces eddy currents in the conducting disk. At the
lower frequencies the induced eddy currents are distributed almost uniformly over the
thickness of the disk. The magnetic flux due to eddy currents through a concentric coil
can be calculated as discussed in (Rijpma, 2002). In opposite, at the higher frequencies
the eddy currents are confined to a thin layer on the surface of the disk and magnetic
field is expelled from the disk. In the high-frequency limit, the total magnetic field
is the same as in the case of a superconducting disk as discussed in (Overweg and
Walter-Peters, 1978). Empirically, it was found that in the frequency range between
the low- and- high frequency limits a conducting disk acts as a high-pass filter. As a
consequence, an expression for the magnetic flux due to eddy currents that is valid in
the entire frequency range was obtained.

Thermal noise is present in all objects that are electrically conducting. Each
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Z

Figure 6.1. The circular con-
ducting disk in an applied uni-
form magnetic field. Adapted
from (Rijpma, 2002).

volume element generates a short-circuit noise current that generates, in turn, a fluc-
tuating magnetic flux. The average value of the current in a volume element is zero.
The root-mean-square value (time-averaged power) of these noise sources is defined
by Nyquists theorem. The frequency distribution of thermal noise power is uniform
(i.e.,white noise). Expressions for magnetic field fluctuations arising from thermal
motion in an infinite conducting slab have been derived by (Varpula and Poutanen,
1984). (Kasai et al., 1993) extended these calculations and obtained the magnetic
field fluctuations at the axis of disks of finite extent. (Rijpma, 2002) has derived ex-
pressions for the magnetic flux noise in a circular loop due to thermal noise in metallic
disks. In this chapter these results will be compared with the experimental data.

6.2 Theory

6.2.1 Eddy currents

First, eddy currents in a circular disk with radius rdisk and height h in the presence
of a uniform magnetic field are considered. The disk is depicted in figure 6.1.

Low-frequency-limited case

The following assumptions are made:

• The electric conductivity of the disk is homogeneous and isotropic.

• The permeability everywhere (i.e. both in the conductor and outside the con-
ductor) is that of free space (i.e. µ0).

• The frequency of the applied magnetic field is below 1000Hz, which is the
highest frequency of interest in Biomagnetism (Plonsey and Heppner, 1967).
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• The disks used have a permittivity of free space and a conductivity higher
than 106S/m; hence ωε/σ << 1 and as a consequence capacitive effects can be
neglected for frequencies up to 1000Hz.

The disk is located in the z = 0 plain and has a specific resistance ρ. A changing
uniform magnetic field is applied in the direction perpendicular to the disk (see fig-
ure 6.1). As the assumed frequency of the applied magnetic field is below 1000Hz, the
skin depth δ = 1/

√
πfµσ is much larger than the thickness of the disk (centimeters

compared to millimeters). Consequently, the currents induced in the disk by the ap-
plied magnetic field are distributed uniformly in the z direction. The disk is divided
into a set of concentric rings with radius r and width dr. From∮ −→

E ·
−→
dl = −dΦ

dt
(6.1)

and

−→
j = σ

−→
E =

−→
E

ρ
(6.2)

where
−→
j is the current density and σ is the conductivity, it follows that the current

in each ring-shaped segment equals

j = − r

2ρ

dBz

dt
(6.3)

The ring-shaped segments of the disk form coplanar circuits. Consequently, the flux
in the sensor coil of the magnetometer due to eddy currents is

Φω→0 =

∫ rdisk

0

M(r)j(r)hdr (6.4)

where M(r) is the mutual inductance between a ring-shaped segment of the disk and
the coil. The mutual inductance can be calculated by employing complete elliptic
integrals of the first and second kinds (ter Brake, 1986), (Rijpma, 2002), (Uzunbajakau
et al., 2003). The elliptic integrals, in turn, are well tabulated functions and can be
found in most of the simulation-dedicated software packages such as Matlab.

High-frequency-limited case

At very high frequencies, the currents and magnetic field are confined to the surface
of the disk. As the magnetic field cannot penetrate the disk, the normal component
of the magnetic field must vanish on the surface of the disk. The magnetic field
outside the disk can be calculated by solving Laplace equations. This problem has
been solved in (Overweg and Walter-Peters, 1978) for a thin disk resulting in the
following equation for the net magnetic flux through a sensor coil with radius rsensor:

Φω→∞ = 2r2
sensorBappl

(
ν

ν2 + 1
− arccot(ν)

)
(6.5)
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where

ν2 =
1

2r2
disk

(
z2 + r2

sensor − r2
disk +

[(
z2 + r2

sensor − r2
disk

)2
+ 4r2

diskz
2
]1/2
)

(6.6)

where z is the distance between disk and sensor coil.

Frequency range between the low- and high-frequency limited cases

At lower frequencies, the conducting disk behaves as a capacitor with respect to the
frequency of the applied magnetic field. In opposite, the magnetic field produced by
the eddy-currents is frequency independent at higher frequencies what can be regarded
as a resistor-like behavior. For these reasons, one can presume that the magnetic flux
due to eddy currents as a function of frequency resembles a high-pass filter. Thus,
the following should hold on the entire frequency range:

Φeddy

Φappl

= c×
−i ω

ω0

1 + i ω
ω0

(6.7)

In the low-frequency limit, this expression reads

lim
ω→0

Φeddy

Φappl

=
Φω→0

Φappl

= −ic
ω

ω0

(6.8)

and in the high-frequency limit

lim
ω→∞

Φeddy

Φappl

=
Φω→∞

Φappl

= −c (6.9)

Thus, constant c can be calculated using (6.5) and, subsequently, the constant ω0 can
be calculated using (6.4). Obviously, at very low frequencies, the flux ratio is zero.

6.2.2 Thermal noise

The disk depicted in figure 6.1 can be viewed as a collection of infinitesimal volume
elements. Each volume element generates a noise current dipole (Varpula and Pouta-
nen, 1984). Each current dipole (and its accompanying volume current) creates a
magnetic field. The current dipoles are not correlated, so at any location the result-
ing magnetic field noise from the whole disk is obtained by summing the power of
the field noise resulting from the separate elements. As the elements are continuously
distributed they can be integrated. The contribution to the magnetic field in the z
direction caused by current dipoles in the radial direction is zero. The contribution
of current dipoles in the z direction is also zero. So the only contributing elements
are the current dipoles that have a tangential direction. These current dipoles are the
primary sources. However, a magnetic field is the superposition of the fields due to pri-
mary sources and volume currents. The volume currents can be described by means of
imaginary sources, so-called secondary sources (Sarvas, 1987). The secondary sources
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are current elements that are perpendicular to interfaces between regions of different
conductivity. Consequently, the secondary sources in the circular disk displayed in
figure 6.1 will be in the z direction and in the radial direction. Hence, the volume ele-
ments do not contribute to the z component of the magnetic field on the axis. So the
only contributing elements to the z component of the magnetic field on the axis are
the tangential components of the primary sources. Next, a subset of the infinitesimal
volume elements is considered. This subset is chosen such that its elements establish
a ring-shaped segment with radius r, width dr, and height dh. It is assumed that
their combined contribution to the noise field can be obtained by considering the ring
as a resistance and calculating the short-circuited electrical current noise according
to Nyquist’s theorem

i2ring =
4kBT4f

4R
(6.10)

where kB is the constant of Boltzmann and 4R the resistance of the ring, that reads

4R =
2πr

σdrdh
(6.11)

leading to

i2ring = 4kBTσ4f
drdh

2πr
(6.12)

The mean square value of the flux through a coil parallel to the disk, assuming that
the disk is thin (i.e. h << d, where d is the distance between disk and sensor coil), is

Φ2 =
4kBTσh4f

2π

∫ rdisk

0

M2(r)

r
dr (6.13)

where M is the mutual inductance between concentric ring-shaped segments of the
disk and the sensing coil. As discussed above, the mutual inductance can be calculated
by means of complete elliptic integrals of the first and second kinds.

6.3 Description of the experiments

Measurements were carried out on nine disks that varied in conductivity and dimen-
sions. Their parameters are given in table 6.1. All disks were cut from metal sheets.
Strips were made from the same sheets to measure the conductivity by means of the
four-point method.

6.3.1 Eddy Currents

The influence of eddy currents was measured as the ratio of the flux in a sensor coil
due to eddy currents and the flux due to the applied magnetic field. The experimental
setup is sketched in figure 6.2a. A low-Tc SQUID was used as a sensor. The SQUID
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Table 6.1. Parameters describing the metallic disks used in the experiments
Material Conductivity Skin depth Thickness Diameter

(S/m) at 1000Hz (mm) (mm) (mm)

Copper 5.37× 107 2.2 0.1 83
Copper 4.44× 107 2.4 0.5 83
Copper 4.79× 107 2.3 1.0 83
Copper 4.62× 107 2.3 3.0 83
Copper 4.44× 107 2.4 0.5 40
Lead 0.445× 107 7.5 0.5 83
Brass 1.45× 107 4.2 0.5 83
Steel 0.143× 107 13 0.5 83

is a magnetic flux-to-voltage converter with a nonlinear inputoutput characteristic.
In order to linearize this characteristic, the SQUID was operated as a zero-detector
in a flux-locked loop (FLL in figure 6.2). A more detailed description of the SQUID
and FLL that were used can be found in (ter Brake et al., 1991c), (Flokstra et al.,
1991). The effective area of a bare SQUID is relatively small yielding a relatively low
sensitivity to the magnetic field. In order to increase the sensitivity, a superconductive
flux transformer was used consisting of a sensing coil and an input coil that was
inductively coupled to the SQUID. The intrinsic noise of the measurement setup was
white in the frequency region above 1Hz. The level of the white noise was 5fT/

√
Hz.

The bandwidth of the measurement setup (SQUID plus FLL) was 2kHz. The sensor
coil with a diameter of 30mm was positioned at a point midway between a set of
Helmholtz coils. In order to measure the flux due to eddy currents as accurately as
possible, a compensation circuit was used consisting of an adjustable amplifier and an
adjustable phase shifter. For each frequency, the measurements were performed in two
steps. During the first step, a magnetic field was applied without any disk present.
By simultaneous adjustment of the amplifier and phase shifter, the signal due to the
applied field was compensated (balanced), nullifying as much as possible the output
voltage of the flux-locked loop (FLL). The applied current Iappl and the remaining
output voltage Uout were recorded defining the initial imbalance. This was done to
verify that the amplitude of Uout due to the initial imbalance is well below that due
to eddy currents. The output voltage of the SR830 lock-in amplifier Uout is a complex
quantity. Its magnitude is equal to the output voltage of the FLL and its phase is
equal to the phase difference between the applied current Iappl and the output voltage
of the FLL. During the second step, a disk was placed in the appropriate position
underneath the cryostat and the output voltage Uout was recorded again. As the flux
applied by the Helmholtz coils was compensated in the first step of the measurement,
the output voltage is proportional to the flux due to eddy currents. From figure 6.2,
one can deduce an expression for the influence of eddy currents in terms of imbalance
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a)

b)

Figure 6.2. a) Experimental
setup for the measurement of the
flux due to eddy currents in a
conducting disk. The Helmholtz
coil is indicated by A, the sen-
sor coil by B, the disk by C, and
the adjustable phase shifter by
Ph. b) Experimental setup for
the measurement of the flux due
to thermal noise in a conducting
disk.

as

Φeddy

Φappl

=
Uout

IapplH(iω)
(6.14)

where Φeddy is the flux in the sensor coil due to eddy currents and Φappl = Bappl ×
πr2

sensor. The transfer function H(iω), which relates the applied current and the
output voltage, was measured separately (compensation circuit was open). For six
disks, the ratio in magnitudes and difference in phase between the eddy current flux
and the applied flux were measured as a function of the frequency of the applied field
and as a function of the distance between disk and sensor coil of the magnetometer.
Theoretical values of the ratio of the amplitudes of Φeddy and Φappl were calculated
using (6.4) and (6.7).

6.3.2 Thermal noise

The thermal noise measurements were carried out in the bandwidth from 1Hz to
1kHz. The measurement setup is depicted in figure 6.2b. The thermal noise was
recorded of eight disks and a power spectral density was calculated using Welch’s
method and a Hanning window (Oppenheim and Schafer, 1975). Subsequently, the
white noise levels were estimated from the power spectral densities by averaging the
spectra in frequency regions where no other spectral components (1/f noise at low
frequencies, noise due to vibrations, power line interference and its harmonics) were
present. From the resultant white noise levels, the intrinsic noise of the measurement
system was subtracted. The level of the intrinsic system white noise was measured
without any conducting disk present.

The flux due to thermal noise was measured as a function of the distance between
the disk and the sensor coil, the thickness of the disk, and the conductivity of the
disk. Two different sensor coils were used of 30mm and 50mm diameter, respectively.
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Figure 6.3. Ratio of the am-
plitude of the eddy current flux
and that of the applied flux as
a function of the frequency for
the various disks. The lines
represent the theoretical values
in the low-frequency limit calcu-
lated using (6.4). The markers
indicate the measurements. The
open triangles depict the balance
of the applied flux, i.e., the resid-
ual signal after compensation of
the applied flux. The balance
defines the minimum value that
can be measured using the exper-
imental setup.

The thermal flux noise was calculated for all eight disks using (6.13). The results are
expressed in terms of field noise, i.e., the measured flux divided by the area of the
sensor coil.

As mentioned previously, the flux noise generated by a disk is only due to the
presence of primary sources. However, if the disk is cut into pie-shaped pieces that
are electrically insulated from each other, secondary sources are present at the sides of
the wedges. These secondary sources are tangentially orientated. Consequently, these
secondary sources will contribute to the magnetic field in the z direction. This contri-
bution counteracts the contribution of the primary sources. Hence, the combination
of the pie-shaped pieces should generate a lower level of field noise in the sensor coil
than the original intact disk. However, if the disk is cut so that it forms a smaller disk
and a concentric ring, the secondary sources at the interface have a radial orientation
and, hence, they will not contribute to the magnetic flux in the sensor coil. In order to
validate these assumptions, two copper disks with a thickness of 0.5mm and diameter
83mm were cut in pieces. One was cut so that it formed a disk with a diameter of
40mm that fitted in a ring with an inner diameter of 40mm and an outer diameter
of 83mm. The two pieces were insulated from each other during measurements. The
second disk was divided in pieces shaped like wedges of pie. The number of wedges
was varied from 2 to 16. All wedges were electrically insulated from each other.

6.4 Results

6.4.1 Eddy currents

Typical results for the flux due to eddy currents are shown in figures 6.3, 6.4 and 6.5.
In figure 6.3 the magnetic flux in the sensor coil divided by the applied flux is shown
as a function of the frequency. The lines represent theoretical values derived for the

90 Chapter 6



10-2 10-1
10-5

10-4

10-3

10-2

10-1

100

Distance [m]

Cu83x3
Cu83x0.5
Cu40x0.5
Pb83x0.5

balance

Figure 6.4. Ratio of the ampli-
tude of the eddy current flux and
that of the applied flux as a func-
tion of the distance between the
disk and the sensor coil. The fre-
quency of the applied field was
85Hz, where the low-frequency
approximation given by (6.4) is
valid. The lines represent the
theoretical values, the markers
the measured ones. The open tri-
angles depict the balance of the
applied flux, i.e., the residual sig-
nal after compensation of the ap-
plied flux. The balance defines
the minimum value that can be
measured using the experimental
setup.

low-frequency limited case, and the markers are the measured values. Deviation of
the measured values from the calculated ones for thicker disks at higher frequencies
marks the transition between the low- and high- frequency limiting cases. Figure 6.4
shows the flux in the sensor coil as a function of the distance. The lines correspond
to the theoretical values derived for the low-frequency-limited case.

To emphasize the validity of (6.7), the measured and theoretical data that are
presented in figures 6.3 and 6.4 are depicted in a single graph in the following way.
Rearranging the terms in (6.7) yields

G(x) =
Φeddy

Φappl

1

c
=

−i ω
ω0

1 + i ω
ω0

= − ix

1 + ix
. (6.15)

The function G(x) does not depend on parameters describing the disks or the applied
field. For this reason, all experimental data presented in figures 6.3 and 6.4 are
expected to collapse into two curves (amplitude and phase) described by G(x). Both
the theoretical and experimental values obtained for the magnitude and the phase of
G(x) are shown in figure 6.5.

6.4.2 Thermal noise

The results of the thermal noise flux measurements are shown in figures 6.6 and 6.7.
Again, the line shows the theoretical value and the markers the measured ones. The
intrinsic system noise of 25fT 2/Hz is subtracted from the measured values. The
results show a fair agreement between theoretical and experimental results.

Commonly, the mean square value of the flux in the sensor coil is approximated
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by

Φ2 = B2
z,disk × πr2

sensor (6.16)

using an expression for B2
z,disk derived in (Kasai et al., 1993). The dotted lines in

figure 6.7a show this approximation. Measurements of thermal noise versus distance
were performed using two types of sensor coils with diameters of 30mm and 50mm.
In figure 6.7a, the results are shown for the sensor coil of 50mm. Comparison of
the results obtained with the two sensor coils shows that (6.13) approximates the
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Figure 6.6. a) Thermal flux noise in copper disks as a function of the thickness of the
disks. The diameter of the sensor coil was 30mm and the distance between disks and sensor
coil was 10mm. b) Thermal flux noise due to disks of 83mm diameter and 0.5mm thickness
as a function of conductivity. The diameter of the sensor coil was 30mm and the distance
between disks and sensor coil was 10mm.
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Figure 6.7. a) Thermal flux noise as a function of the distance between the disks and a
sensor coil with a diameter of 50mm. The intrinsic SQUID noise was subtracted from the
measurements. The solid lines indicate the theoretical values given by (6.13). The dashed

lines show the approximation
(
B2

zπr2
sensor

)1/2
. Pb 83x1 stands for two disks Pb 83x0.5

placed one on top of the other. b) Thermal flux noise as a function of the number of wedges
in a circular disk at a distance of 10mm from a sensor coil with a diameter of 30mm.

experimental data better than (6.16). This is especially true in practical cases where
the distance between the sensor coil and the conducting disk is small and the diameter
of the sensor coil is about the same as that of the conducting disk.

The flux noise level resulting from the two concentric parts cut from one disk
was 95fT/

√
Hz and 117fT/

√
Hz for the disk-shaped part and the ring, respectively.

When the two pieces were combined to one disk but keeping the two pieces insulated
from each other, a noise level of 146fT/

√
Hz was recorded, whereas the noise level

from the original disk was 151fT/
√

Hz. So, the noise level from the two combined
parts is equal to

√
952 + 1172 ≈ 151fT/

√
Hz being the same as that from the original

disk. This is in accordance with expectation, because the secondary sources have a
radial direction on the interface. The primary sources are the same for the combination
of the two pieces and the original disk. This validates assumptions that were made
in deriving (6.13). However, due to the presence of the tangential secondary sources
at the interface, the flux noise of the disk cut in wedge-shaped pieces is decreased
when the noise level from the combined pieces are compared with that from the
original intact disk. The noise level decreases with the number of wedges as shown in
figure 6.7b, as the number of interfaces increases.

6.5 Discussion

Theoretical values for the flux due to eddy currents were derived for low frequency
and high frequencies. Empirically an expression was found for the entire frequency
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range. Measured and theoretical values are in agreement for different parameters,
i.e., the conductivity, diameter and thickness of the disk, the separation between the
disk and sensor coil, and the frequency of the applied magnetic field. Consequently,
the conclusion that (6.7) describes the flux in the entire frequency range seems to be
justified.

Also, the correspondence between theory and experiment for thermal noise is good.
The correspondence is much better using (6.13) than using (6.16). Cutting the disk
in wedge-shaped pieces helps to reduce the thermal noise. In this case, the volume
currents contribute to the thermal flux noise as the secondary sources are in the tan-
gential direction. The volume currents always counteract the magnetic field generated
by the primary sources; hence, the thermal flux noise is reduced. Cutting the disk in
a disk plus ring will not affect the thermal noise because the primary and secondary
sources present in the original disk will not change.
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Glossary of Abbreviations

Abbreviation description

ECG electrocardiogram
MCG magnetocardiogram
fECG fetal electrocardiogram
fMCG fetal magnetocardiogram
fECG fetal encefalogram
PJRT persistent junctional reciprocating tachycardia
FHARMON foetale hart monitor (Dutch)
SNR signal-to-noise ratio
RFI radio frequency interference
PCB printed circuit board
SQUID superconducting quantum interference device
FLL flux locked loop
FEM finite element method
ISR interference signal ratio
DAQ data acquisition card
DROS double relaxation oscillation SQUID
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Summary

Activation of the cardiac muscle is associated with the ion transport through the
membrane of the cardiac cell. This ion transport gives rise to the strongest electro-
physiological signals in human body: the cardiograms. Segments of the cardiogram
are related to the contraction of the hearts chambers. Information useful for an ac-
curate medical diagnosis can be obtained by examining the cardiogram.

In fetal magnetocardiography, the magnetic field of a fetal heart is recorded in the
vicinity of the maternal abdomen. The magnetic field produced by the fetal heart,
however, is extremely weak and can only be recorded by means of Superconducting
QUantum Interference Devices (SQUIDs). To reach the superconducting state the
SQUIDs are cooled to cryogenic temperatures (about −270oC). Typically, the fe-
tal magnetocardiograms are recorded inside magnetically shielded rooms in order to
reduce the influence of the environmental magnetic interference.

Currently, fetal magnetocardiograms are recorded in a few research centers in the
world equipped with shielded rooms. The necessity of the magnetically shielded room
and the necessity of the constant supply of liquid helium for cooling hinder the daily
use of fetal magnetocardiography in hospitals. The FHARMON (stands in Dutch
for Foetale HARt MONitor) project aims at the realization of a cryocooler-cooled
low critical temperature fetal magnetocardiograph that can be operated outside the
magnetically shielded room. The objective of the work presented in this thesis is
to design a highly balanced gradiometer for the FHARMON system that enables
measurements of fetal magnetocardiograms in unshielded environment.

The FHARMON system utilizes a highly balanced third-order gradiometer as an
alterative to the magnetically shielded room. This gradiometer has a number of
geometrical parameters that can be optimized for the maximal signal-to-noise ratio
of the recorded fetal magnetocardiograms. The gradiometer optimization is described
Chapter 2.

Ideally, a third-order gradiometer is insensitive to the lower-order gradients of
the magnetic field. In practice, however, it is difficult to manufacture a gradiome-
ter such that its sensitivity to these lower-order gradients is eliminated completely.
The residual sensitivity of a gradiometer to the lower order gradients is referred to
as imbalance. Imbalance reduces the ability of a gradiometer to suppress the envi-
ronmental interference. In Chapter 3 a method for evaluating the imbalance of an
arbitrary gradiometer by means of simulations is proposed. This method is applied
to the imbalance evaluation of the gradiometer of the FHARMON system.
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Imbalance of the gradiometer of the FHARMON system needs to be reduced in
order to achieve the necessary level of suppression of the environmental magnetic
interference. This is done by means of electronic balancing. A system of reference
sensors that are sensitive to the lower-order gradients of the magnetic field are intro-
duced into the gradiometer. During the balancing, the gradiometer with the system
of references is placed inside a characterization coil set. This characterization coil set
produces high-uniformity magnetic fields that correspond to the lower-order gradients
of the magnetic field. The signals of the reference channels are mixed with the signal
of the third-order gradiometer such that the resultant signal equals zero for all ap-
plied test magnetic fields. The design of the characterization coil set is described in
Chapter 4. The mechanical construction of the coil set as well as the gradiometer
balancing experiments are presented in Chapter 5.

The gradiometer is enclosed by a conducting radio frequency interference shield
as well as by metallic sheets for thermal isolation. The thermal magnetic noise and
the eddy current effect caused by these shields decrease the sensitivity of the system.
Equations that allow quantitative evaluation of these effects are available in literature.
Chapter 6 describes experiments that confirm these equations.
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Samenvatting

Activiteit van cellen in het hart gaat gepaard met ionentransport door de wand van
de cellen. Deze ionenverplaatsing veroorzaakt het sterkste elektrophysiologisch sig-
naal in het menselijk lichaam: het cardiogram. De verschillende segmenten van het
cardiogram zijn gerelateerd aan de samentrekking van de verschillende delen van het
hart. Uit een cardiogram is zeer bruikbare informatie te halen ten behoeve van een
medische diagnose.

In foetale magnetocardiografie wordt het magnetisch veld van het foetale hart
gemeten vlak boven de moederbuik. Het magnetisch veld geproduceerd door het
foetale hart is echter extreem zwak en kan alleen gemeten worden met supergelei-
dende magnetometers, zogenaamde SQUIDs (Superconducting QUantum Interference
Devices). Om in de supergeleidende toestand te geraken moeten deze magnetometers
afgekoeld worden tot cryogene temperaturen (ca. −270oC). Om bovendien de invloed
van storende velden uit de omgeving tegen te gaan, worden foetale magnetocardio-
grammen gewoonlijk gemeten in magnetisch afgeschermde kamers.

Tegenwoordig worden foetale magnetocardiogrammen gemeten in slechts een paar
onderzoekscentra in de wereld, alle uitgerust met een magnetisch afgeschermde kamer.
De noodzaak van zon afgeschermde kamer en de noodzaak om geregeld vloeibaar he-
lium te vullen voor de koeling, verhinderen het dagelijks gebruik van foetale magne-
tocardiografie in ziekenhuizen. Het Foetale HArt MONitor (FHARMON) project is
gericht op de realisatie van een koelmachine-gekoelde lage-temperatuur foetale mag-
netocardiograaf die kan worden gebruikt buiten de magnetisch afgeschermde kamer.
Het doel van het onderzoek dat in dit proefschrift is beschreven, is het ontwerp van
een zeer goed gebalanceerde gradiometer voor het FHARMON systeem, die metingen
van foetale magnetocardiogrammen mogelijk maakt in een onafgeschermde omgeving.

Het FHARMON systeem maakt gebruik van een zeer goed gebalanceerde derde-
orde gradiometer als alternatief voor de magnetisch afgeschermde kamer. Deze gra-
diometer heeft een aantal geometrische parameters die geoptimaliseerd kunnen worden
met betrekking tot de gerealiseerde signaal-ruis-verhoudeng van de foetale magneto-
cardiogrammen. De gradiometeroptimalisatie is beschreven in Hoofdstuk 2.

Idealiter is een derde-orde gradiometer ongevoeling voor lagere-orde gradinten van
het magnetisch veld. In de praktijk is het echter heel moeilijk om een gradiometer zo
nauwkeurig te maken dat de gevoeligheid voor deze lagere-orde gradinten compleet
verdwijnt. De resterende gevoeligheid van een gradiometer voor lagere-orde gradinten
wordt onbalans genoemd. Onbalans beperkt het vermogen van een gradiometer om
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de storing uit de omgeving te onderdrukken. In Hoofdstuk 3 van dit proefschrift
is een methode voorgesteld om de onbalans van een willekeurige gradiometer te eval-
ueren met behulp van simulaties. Deze methode is toegepast op de onbalans van de
gradiometer voor het FHARMON systeem.

De onbalans van de FHARMON-gradiometer moet verbeterd worden om de vereiste
onderdrukking van omgevingsstoring te kunnen realiseren. Dit wordt gedaan door
elektronische balancering. Een systeem van referentiesensoren die gevoelig zijn voor
de lagere-orde gradinten van het magnetisch veld worden geplaatst in de gradiometer.
Gedurende de balancering bevindt de gradiometer zich met de referentiesensoren in
een speciale karakterisatiespoelenset. Deze spoelenset genereert magnetische velden
die corresponderen met de lagere-orde gradinten, en wel met zeer hoge uniformiteit.
De signalen van de referenties worden gemengd met het signaal van de gradiometer op
zon manier dat het resulterende uitgangssignaal nul is voor alle aangelegde veldconfig-
uraties. Het ontwerp van de karakterisatiespoelenset is beschreven in Hoofdstuk 4.
De mechanische constructie van de spoelenset en de experimenten met betrekking tot
de gradiometerbalans zijn beschouwd in Hoofdstuk 5.

Om radiofrequente storing af te schermen is een elektrisch geleidend scherm om
de gradiometer geplaatst. Ook worden metaalfolies gebruikt rond de gradiometer om
de warmtebelasting door straling te verminderen. De thermische magnetische storing
en de wervelstroomeffecten ten gevolge van deze metaallagen beperken de resolutie
van het systeem. Uitdrukkingen voor deze effecten zijn beschikbaar in de literatuur.
Hoofdstuk 6 beschrijft experimetne die deze uitdrukkingen bevestigen.
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